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Design and Analysis of Welded 
Pressure-Vessel Skirt Supports 


Factors determining the performance of welded skirt supports for vertical process 
vessels are discussed. The importance of thermal effects is emphasized. A compre- 
hensive analysis of local stresses with closed-form solutions is presented, permitting 


assessment of expected performance in service on a fatigue basis. The expected shape 
of skirt distortion is briefly mentioned. Suggestions and recommendations are made 
for design practice, control of thermal stresses, weld and fabrication detail for optimum 
practical quality, as dictated by service conditions. A numerical example is presented 


Te or conical skirt supports for vertical 
pressure vessels have been established as one of the most satisfac- 
tory and reliable methods of support. With this type of con- 
struction the local reactions on the vessel caused by the imposed 
loadings of weight, wind, and earthquake are relatively uni- 
formly distributed around the circumference and local stress 
effects are minimized. 

Ordinarily, the skirt is attached by welding. Some difficulties 
have been experienced with welded skirt attachments, especially 
for vessels in cyclic service [1];! therefore, it became necessary 
to develop a more searching design analysis of local effects for im- 
portant applications. Earlier attempts [2] for analyzing this 
rather complex problem employed excessive simplifications, 
which made the value of predicted results problematical. 

This paper discusses the factors affecting skirts attached by 
welding and presents a generalized analysis of local intersection 
effects, which can be modified readily to suit a more unusual 
case. The analytical development presented here is valid for the 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Petroleum Division and presented at the 
Annual Meeting, New York, N. Y., November 30-December 5, 1958, 
of Tae American Socrety or MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers: are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
25, 1958. Paper No. 58—A-153. 


to illustrate the application of the analysis. 


general three-shell intersection problem. As such, it is applicable 
not only to skirt supports, but also to the stress analysis of com- 
posite vessels with a single internal head [3]. 


Routine Approach to Skirt Design 


The usual design approach for Code vessels is to check the 
skirt and attachment weld for the imposed loads of vessel test 
and operating weights, wind, and earthquake, as required. The 
weld is then sized to carry these loads in accordance with estab- 
lished Code factors and allowable stresses. Usually the required 
weld size sets the thickness of skirt to be used, unless minimum 
practical thicknesses are involved. Conventional weld details 
are shown in Figs. l(a and 6). The point of attachment to the 
head or shell and manner of insulating generally follows estab- 
lished company standards and past practice. More refined analy- 
sis is usually confined to very special cases. The success of this 
approach for the more severe services hinges on the care ex- 
ercised in establishing standards for controlling the thermal and 
local stress effects to which the attachment is actually subjected. 


Factors Requiring Consideration 


In addition to the routine check for vertical loads many fac- 
tors require consideration. The performance of a skirt-vessel 
attachment weld reflects its fatigue capacity as a function of 


a; = mean radius of cylinder, in. 
h; = wall thickness, in. 
E; = modulus of elasticity, psi 
a = coefficient of thermal expan- 
sion, in/in. deg F 
M,, Q; = distributed internal moment 
(Ib), and internal shear 
(Ib/in.) at junction, respec- 
tively, positive as shown 
in Figs. 10 and 11 
0;, w; = rotation and deflection (in.) 
at junction, respectively, 
positive as shown in Fig. 


C2 


g; = axial thermal gradient at 

junction, deg F/in., posi- 
tive for heat flow away 
from junction 
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Pi, P2 = internal pressure exerted in M,Q, P; = external distributed moment 
space between cylinder 1 
and 2, and 2 and 3, respec- 
tively, psi 

center-of-wall distances be- 
tween cylinders 1 and 2, 
and 2 and 3, respectively, 
in. 


(Ib), shear and thrust 
(Ib/in.) applied at june- 
tion, positive as shown in 
Figs. 8 and 11 


Ma = hi/hs; = = 
Eh}/(12(1 — v*)]; B = 
[3(1 — v*)]'/*/(ah,)'”* 

i = subscript to be replaced by 
1, 2, 3 for reference to 
three component cylinders 


Subscripts / and c denote quantities acting 
in longitudinal and_ circumferential 
directions, respectively. Subscript z in- 
dicates quantities occurring at a distance 
zfromjunction. Auxiliary functions are 
as defined in text. 


d,, dz = free body deflection of cylin- 
ders 1 and 2 with respect 
to cylinder 3 at junction, 
in., positive as shown in 
Fig. 9 

10 ¢1, ¢: = free body rotation of cylinder 

1 related to cylinder 3, 

and cylinder 2 to 3, at 

junction, positive as shown 

in Fig. 9 
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a.) skirt Lapped to Cylindrical 
Portion of Vessel 


joint design, fabrication quality (fitup, weld defects, weld root 
and surface condition), thermal gradients (affected by insulation 
details), and discontinuity stresses. Comments and recommen- 
dations bearing on these questions will be reserved for later sec- 
tions of the paper. 

Once attached by welding, the skirt and shell act as an integral 
structure under internal pressure, horizontal, vertical, and ther- 
mal loadings. The local cyclic strains in the shell and attach- 
ment upon which fatigue performance depends must, therefore, 
be examined on this basis. 

While not items for consideration in this paper it is well to 
mention that, particularly for tall slender vessels, control of the 
vessel deflection and vibration period is often desirable. These re- 
quire assessment of the structure as a whole, including the sup- 
porting steel and foundation. The skirt may be a significant com- 
ponent. The skirt must also be adequate to resist buckling re- 
sulting from axial loading. The Code compressive-stress limit 
is considered adequate, although when skirt slotting is used [4] 
additional instability investigations become advisable. 


General Three-Cylinder Intersection Problem 


Any effort to evaluate expected skirt performance requires an 
analysis of the intersection effects for all the imposed loadings. 
The simplest approach is to consider the intersection as the junc- 
tion of three coaxial shells of revolution and apply the conven- 
tional beam-on-an-elastic-foundation approach. Initial attempts 
at evolving such solutions, subject to undue simplifying assump- 
tions, have been presented in the literature [2]. The basic equa- 
tions for the effect of end shear, moment deflection, and rotation 
are readily available [5]; the solution can be obtained by com- 
bining these in a manner that satisfies compatibility conditions 
and equilibrates the imposed internal loadings at the junction. 
The solution is, however, tedious and errors can be committed 
easily. Hence the authors have derived the general closed-form 
solution for the stresses at the junction in terms of the imposed 
discontinuities and loadings. 

The general solution to this problem is given in Sections (a) to 
(e) of the Appendix. The moments and shears are obtainable 
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Fig. 1 Conventional skirt-attachment welds 


b.) Skict gutted to 
Kouckle Portion of licad 


from Equations (12) for imposed free-boundary rotations and de- 
flections and from Equation (15) for the case of imposed junction 
shear and moment loading. The moments and shears at points 
away from the junction are given by Equations (16) while the 
stress levels in the principal directions can be determined from 
Equations (20) and (23). 

Since the problem of the analysis of the local stress conditions 
at intermediate head constructions in pressure vessels [3] is 
similar to the skirt-support problem, the analysis makes provisions 
for possible differential-pressure loadings on the shells. 

The general solution is overly complex for chart-form presenta- 
tion; it involves 15 independent variables. These consist of the 
6 leading parameters 


1, $2; M, Q 
and the 9 material and dimensional parameters 
Ey, a,h; t= 1,2,3 


For certain groups of problems, however, the number of varia- 
bles is reduced, permitting the preparation of suitable chart-form 
solutions. 


Simplified Three-Cylinder Intersection Problem 


If the moduli of elasticity and radii of the three cylinders are 
assumed to be equal, the number of unknowns is reduced to 11 
and the equations for the discontinuity stresses at the junction 
simplify to those listed in Equations (1). To obtain the total 
stresses, the appropriate membrane stresses in each shell due to 
the applied pressure, weight, wind, and any other external load- 
ings must be added. Normally the assumption of equal radii 
normal to the axis of rotation is admissible with very little error. 

(a) Discontinuity Stress Equations. On the basis of Equations (24) 
and (23) the appropriate expressions for the discontinuity stresses* 
at the junction of the three cylinders can be given as follows: 

2 The designation ‘‘discontinuity” is applied because these stresses ~ 
arise from the compatibility conditions that the free-body discon- 


tinuities between the three cylinders must vanish at their point of 
mutual attachment. 


Transactions of the ASME 


C4 

NZ 

SS 
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+ + 


on = +1816 [kad: + keods 
+ 0.778(ahe)/% + 


+ = — 


oy = £1.816 — 
+ — + — Lider 
+ 0.778(ahs)'/* + 
Ca = -= + 0.545)ku — 


+ [(1 + 0.545 )kiz — 
— 0.778(ah;)'/*( [ku — (1 + 0.545)lulgi 
+ — (1 + 0.545)hal¢2)} 


= {{—(1 + 0.545)pu + pulM 


(1) 


+ 0.778 (ahy)'/*{(1 + 0.545)ru — rx] Q} 


E 


+ [(1 + 0.545 — mad, — 0.778(aha)'/* 
+ [ke — (1 + 0.545)ln]¢2)} 


+ {{[—(1 + 0.545)pn + po] M 
+ + 0.545)rn — r22)Q} 
E 
= {fa + — 


+ — + + — 
+ — + 0.778(ahs)'/* 
+ [(1 + — + — ¢2)} 


3.305 
{((1 + 0.545)(pu + pu — 1) 


+ + — 
((1 + + + + — 


In Equations (1) positive signs denote tension. Where dual 
signs occur, the upper relates to the internal and the lower to the 
external surface. These equations represent the closed-form 
solution to the problem. To calculate the intersection stresses, 
one has to know the six loading parameters 

dh; ds Gi; M; Q 


as well as the five material and dimensional parameters 
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(2a) 


E; a; Mi; (2b) 

The latter permit the easy determination of the auxiliary parame- 
ters 

Mi = = 


In addition to these variables, Equations (1) contain 18 func- 
tions 


(2c) 


ku la my Pu ru 
ky hia De (24) 
kn ley Pa Tn 
kaa Pn 


These expressions, given in Equations (25), are all functions of 
the two independent variables y; and pz. In design practice, it 
is preferential to reduce the auxiliary functions into chart-form 
plots, using 4 as the independent variable and pu: as the free 
parameter. 

(b) Determination of Loading Parameters. For the three-cylinder 
intersection of the type shown in Fig. 8, the loading parameters 
are functions of the existing thermal and pressure conditions. Let 
91; 92, 9s be the thermal gradients in the three component cylinders 
in deg F per in. and p;, p: be the pressure acting in the space 
confined by cylinders 1-2 and 2-3, respectively. With these nota- 
tions the loading parameters can be expressed as 


= aa(g + gs) ) 
G2 = —aca(ge + gs) 


E he hy 
E he hs 
_ 0.85? Pi 
E he cos @ hs } 


Equations (3) are in agreement with the sign convention of Fig. 
9; v was assumed to be 0.3. Of the three expressions for d; ap- 
pearing in Equations (3), d, should be used when shell 2 is a 
cylinder, d;’ is to be applied if shell 2 resembles a spherical, ellip- 
tical, or dished head adjoined by a short cylindrical extension, 
while d,” refers to the case when cylinder 2 is replaced by a circu- 
lar cone with a half apex-angle a. The expression for d; can be 
similarly modified if the skirt is conical. 

For the determination of loading parameters due to external 
forces, let e; be the distance between center lines of the appropriate 
shells, as shown in Fig. 8. Then the external forces assume the 
following expressions: 


M = (pre: — + — 
Q=0 


where the P forces, shown in Fig. 8, represent the distributed 
loads due to the operating weight and overturning moment (de- 
veloped by wind and piping reactions) applied at the junction. 
When one or more of the shells joined is not tangent to the 
others at the junction, a horizontal shear will be introduced due to 
the unbalanced component of the longitudinal membrane loadings. 
The shear Q will no longer vanish. Instead, it will be given by 
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| 


Q= P| tan a, — tan 


+ [= + P,| tan a; (5) 


where a; is taken positive in the same direction as 6; in Fig. 10. 

(c) Membrane Stresses. To obtain the total stresses, the 
membrane stresses in each shell caused by pressure and axial 
loading must be added to the discontinuity stresses. For cylindri- 
cal, conical, or hemispherical shells, the appropriate formulas are 
readily available and need not be given here. For skirts con- 
nected to ellipsoidal, tori-spherical, or tori-conical heads, the 
longitudinal membrane stress is likewise readily calculated. The 
circumferential stress, however, will now consist of membrane 
and bending-stress components; its calculation may become quite 
involved, particularly where minimum Code knuckle radii are 
used. For a 2:1 ellipsoidal head and tori-spherical and tori-conical 
heads with knuckle radii approximately those of a 2:1 ellipse, the 
circumferential membrane stress at or near the head tangent line 
may be assumed equal to a compressive stress computed from the 
Code formula. 


General Applicability of Simplified Analysis 


The analysis is based on thin-cylinder theory, hence applica- 
tions to a/h-values below 5 will involve some error. 

While all shells have been assumed to be cylinders, the analysis 
may be used with little error if any one or all of the shells are 
conical or spherical. It has been shown [6, 7] that a cone with a 
half-apex angle less than 30 deg may be replaced by a cylinder of 
the same thickness having a radius equal to the cone meridional 
radius at the juncture, with an error of less than 2 per cent. 
Utilization of Hetényi’s analysis [8] of a spherical sector sub- 
jected to an end moment and a shear directed normal to the axis 
of rotation confirms the validity of this statement. Adaptation 
of his analysis for an extension of the current solution to conical or 
spherical shells requires only that Equations (7) be modified by 
multiplying the Q-terms for deflections by (sin @)!/? and the M- 
terms for rotation by (sin a)~'/?; @ represents the angle between 
the axis of rotation and the shell tangent at the junction point. 
For a = 30 deg, (sin @)!/? = 0.93 so that one term in each of 
Equations (7) errs by 7 per cent if these modifications are not 
made. Since one error is positive while the other is negative, they 
tend to compensate, making the over-all deviation substantially 
less. This supports the estimate of only about 2 per cent error 
entailed in extending the current analysis to conical or spherical 
shells. 


Numerical Example 1 


The structure to be analyzed is a vessel in delayed-coking 
service, with insulation filling out the vessel-skirt crotch, as shown 
in Fig. 2. The analysis for heat-flow conditions is not shown; 
values of axial thermal gradients at the junction were deter- 
mined according to the method presented in [3]. 

The fundamental data can be given as: 


a = 114.9 in. a = 7.70 X 10~*/deg F 
E = 25.5 X 10 psi e: = 0.8828 in. 
h, = 0.9063 in. e=0 


he = hs = 0.8594 in. 


Design pressures and thermal conditions are 

g: = 32.7 deg F/in. 
g2 = —17.25 deg F/in. 
gs = —17.25 deg F/in. 


pr = 0 
p2 = 50 psi 
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Fig. 2 Detail of skirt-attachment junction analyzed in numerical 
Example 1 


The resulting auxiliary parameters, free-body displacements 
[d, of Equations (3) being applicable to this case] and external 
forces are given by 


Ma = 1.055 Me = 1.0 

d; = 2.56 X 107? in. gi = 1.367 X 107? 
d, = 0 ¢2 = 3.052 X 107? 
M = 1900 in-lb/in P, = —2153 lb/in. 
Q=0 P, = 1076.5 lb/in. 


P; = —1076.5lb/in. 


The P-forces represent the weight of the vessel, its contents, and 
the supported structure. Wind forces were not included in this 
problem, although they can be taken into account readily by ap- 
propriate manipulation of the P-forces. Owing to the fact that 
the shear forces vanish, the r-parameters need not be ascertained 
The remaining auxiliary functions have the following values: 


ky = 0.442 ln = 0.559 my = 1.131 pu = 0.320 
kiz = 0.508 le = 0.388 my = 0.792 Pi = 0.252 
ky = 0.554 le = 0.610 M2 = 1.216 pu = 0.279 
ke = 0.502 Po = 0.217 


The complete stress system for this numerical example is pre- 
sented in Table 1. 


Numerical Example 2 


This vessel, presented in Fig. 3, is identical in every detail to 
the previous example, except that an air gap was retained in the 
crotch formed by the skirt and vessel.*? The results will serve to 
establish the advantages to be gained by a reduction of thermal 
gradients at the junction. 


3 This feature has been patented by The M. W. Kellogg Company. 
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Fig. 3 Detail of skirt-attachment junction analyzed in numerical 
Example 2 


Table 1 Junction stresses for numerical example 1; 


Component cylinder 


All data remain as given for Example 1, save for the thermal 
gradients and rotations, which now become: 
g. = 14.2 deg F/in. 
g2 = —7.11 deg F/in. 
gs = —7.89 deg F/in. 


= 0.558 107? 
¢2 = 1.327 X 107? 


These changes affect only the thermal stresses which, along 
with the total stresses, are listed in Table 2. 


Thermal Stresses 


As is evident from the examples calculated, thermal stresses 
contribute the major portion of cyclic stresses for skirts support- 
ing hot equipment. 

Thermal stresses are caused by the local axial temperature 
gradient in the three members joined. Referring to Fig. 8, heat 
flows away from the intersection in the skirt (member 1), and 
toward the junction in members 2 and 3. The opposed rotation 
of members 1 and 2 causes the major thermal discontinuity prob- 
lem; hence thermal stresses are most effectively mitigated by re- _ 
ducing the axial heat flow in these members. Providing a baffle 
as shown in Figs. 3 and 4 and allowing heat transfer by radiation 
and convection between members 1 and 2 is the most direct way 
to accomplish this purpose. The resulting benefits are shown in 
Table 3, which indicates that thermal stresses are uniformly re- 
duced by a factor of about 2.3 by virtue of the air pocket in the 
skirt crotch. 

Attaching the skirt by lapping to the side of the shell also 


tight insulation in crotch 


9. 


Surface 


Discontinuity pressure 
stress 


Junction moment stress. . . 


Direct weight stress 
Pressure membrane 


Thermal stress as per cent | 
of total stress.......... 1c 


Inner Outer 
+5720 
—10 
+76890 
+25830 
—4310 
— 1820 


Total stress. . 


Thermal stress as cent 
total stress. . Cire. 


111.9 


Inner Outer Inner 


60.6 


Table 3. Effect of insulating conditions on thermal stresses of numerical examples 


Component cylinder............. 1 
Surface "Inner 
Tight insulation in 

crotch (Example 1). 
Air pocket in crotch 

(Example 2) 
Ratio of stresses 


Journal of Engineering for Industry 


Outer 


9. 
Inner Outer 
+76890 
+25880 
+32930 
+11180 
2.33 


2.32 
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Vay,” 
| 
OOK \) Enclosed Air Space 
Vessel wall; 
XXX) ¢ 55/8" Thick 
shirt 4 
Cylinder 1 
AKA AA XK XS 
Insulation 
Outer Inner Outer 
ong. — 7 - 
Thermal stress........... ~15610 +21820 +5430 +1000 
fone. 1440 «+4440 +6100 —6190 
Cire. — 1850 +810 +1370 —2380 
Long. —2380 -—2380 +1250 +1250 -—1250 —1250 
Long. 0 O +3350 +3350 +3350 +3350 
0 0 +6690 +6690 +6690 +6690 
| Long. —73720 +68070 +8200 73600 +16480 12200 
| Cire. —14920 +27910 +30740 —16270 +11970 +3380 
ee. 84.6 90.4 92.7 104.3 45.8 61.5 
ire. 104.6 78.2 84.2 124.7 45.3 29.5 
x Table 2 Junction stresses for numerical example 2; air pocket in crotch ; 
Long. —26460 +26460 +32930 -—32930 +3500 -—3500 
Thermal +9370 +11180 —8590 +2500 +440 
Long. —37840 +33090 +38950 -—29740 +12430 —8240 
—5830 +15460 +16040 -—4580 +9020 +2830 
69.7 187.7 27.7 15.7 
| 
Inner Outer 
+62340 +7550 —7550 
+21820 +5430 +1000 
+26460 +3500 —3500 
+9370 +2500 +440 
2.36 2.16 2.16 ; 
irc. " 2.33 2.36 2.17 2.25 


tends to reduce the local gradient at the weld, since the close fit 
and probable contact of the member at the upper portion will dis- 
tribute the heat entry axially. Gradients also are minimized 
by efficient thermal insulation. For moderate or high-tempera- 
ture service the frequently used concrete fireproofing should be 
replaced by more efficient insulation for the upper 2 ft of the skirt. 

Other things being equal, thermal stresses in the skirt are a 

function of EagT(ah)'/*. Since the thermal gradient g itself 
varies with (h)-'/*, skirt stresses become basic functions of 
CT(a)'/*. This indicates that at a given temperature level large- 
diameter vessels require more careful consideration. 

In this dimensional analysis C represents a constant which de- 
pends, apart from material properties, on dcis‘‘s, insulation ar- 
rangement, and the ratio of skirt to shell-plate thickness. C in- 
creases almost in direct proportion as the skirt/shell thickness 
ratio is reduced. Numerical calcu!ations show that an increase 
in this ratio from 0.85 to 1.0 brings about an improvement in 
thermal stresses by a factor of about 1.2. 

Thermal stresses can be reduced further by providing the upper 
portion of the skirt with vertical slots.‘ The slot detail must 
avoid stress concentrations at the ends. Also, slot depth and 
spacing must be so chosen that the vertical load-carrying ability 
of the skirt with respect to buckling remains adequate. A de- 
tailed treatment of this problem has been presented recently 
[4]. 

The last question pertaining to thermal stresses relates to the 
linear temperature variation (constant gradient) assumed near 
the junction in this analysis. This assumption is not strictly 
valid, the temperature distribution being exponential [3]. The 
errors involved in this simplifying assumption, however, are 
negligible for the usual configurations, as will be shown in a forth- 
coming paper [11]. : 


Fatigue Assessment 


An evaluation of the fatigue potential must rest on the basic 


‘ Patented construction detail. 


AA. 


a.) Comveational Detail 


Thick Shell - Thin Skirt Combination, 
Insulation Pushed Tightly Into Crotch 
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Fig. 4 Conventional and improved skirt details 


considerations of cyclic stress and strain, an appropriate strain- 
intensification factor and a correlation relating strain range with 
cycles to failure in fatigue. The suggested approach [9] for a steel 
with a UTS of 60,000 psi is to use the relationship 


780,000 
ko 


(6) 


where @ is the calculated stress range based on the cold modulus 
when thermal cycling is involved, and k is the stress-intensifica- 
tion factor. It should be emphasized that, in line with the 
accepted analytical and experimental approach [9, 10], o is used 
merely as an index of the strain range associated with fatigue 
failure in a given number of cycles. Also, Equation (6) cannot be 
expected to predict exactly the number of cycles to failure; its 
principal utility lies in serving as a reliable guide for assessing the 
anticipated relative fatigue performance of different structures. 

For Numerical Example 1, the alternating stress range (thermal 
and pressure-discontinuity stresses) in the skirt was 66,900 psi 
which, corrected for the cold modulus (EK = 29 X 10 psi), be- 
comes 76,000 psi. For the type of construction used in this skirt 
support, a stress-intensification factor of k = 1.6 should be 
assigned [9]. Furthermore, the calculated stresses should 
be increased on account of the constricted throat area in conven- 
tional attachment welds, as shown in Fig. l(a). For a minimum 
fillet weld, this increase would amount to a factor of 2.0. In 
recognition of the fact that even conventional skirt-weld details 
seldom employ minimum fillets, a factor of 1.75 has been assigned 
to account for the lessened throat area. The combined effect 
of these two factors raises the stress-range index to 212,800 psi; 
this corresponds to 660 cycles predicted by Equation (6) to failure. 
This agrees remarkably well with actual service experience on 
vessels of delayed-coking units [1]. 

The improved design concept presented in Numerical Example 
2 lowers the basic stress range to 31,020 psi; corrected for the 
cold elastic modulus, this becomes 35,240 psi. If now the weld 
construction incorporates the features shown in Figs. 6(a) and 
6(b), the stress-intensification factor is no higher than that 
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corresponding to ordinary mill surface finish [9], ie., k = 1.0. 
This, according to Equation (6), corresponds to 5.3 X 10* cycles 
to failure. Even with the recommended safety factor of 10 on 
life, this figure is well past the anticipated service life of delayed- 
coking units. 

The location of nucleation for fatigue cracks is invariably the 
outer face of the skirt ‘attachment weld, as illustrated by Fig. 5. 
This surface is a location of high tensile stresses, as exemplified by 
Tables 1 and 2. While calculated tensile stresses may be higher 
elsewhere (i.e., at the intrados of the component cylinder just 
below the junction), it is only at the surface and root of the at- 
tachment weld that stresses are aggravated by stress-intensifica- 
tion factors and by the reduced strength of a constricted throat 


a.) Skirt Lapped to Cylindrical 
Portion of Vessel 


area. Of these two locations, cyclic plastic flow in tension will 
always recur at the outer face of the weld, as explained in the sec- 
tion on Cyclic Deformation. These facts explain the persistent 
tendency for crack initiation at the outer face of the attachment 
weld. 

The cracks generally tend to form in troughs between the weld 
beads of the cover pass or at the weld toe if the latter is under- 
cut, as shown in Fig. 5. They may penetrate toward the blind 
root or clear across the wall of the vessel. In the former case the 
skirt becomes separated from the vessel, if this condition of dis- 
tress is not noted soon enough; in the latter a fissure may be 
opened up around a substantial portion of the vessel perimeter. 


Progressive Cyclic Deformation of the Skirt 


Even if provisions are made to arrest the development of 
fatigue cracking within the anticipated service life of the vessel, 
stresses may remain high enough to induce a continued and 
progressive plastic deformation of the skirt. 

This deformation always takes on a uniform appearance: 
The very top of the skirt flares in, while portions farther down 
from the junction weld bulge out. An exaggerated view of the 
general pattern of skirt and shell deformation is shown in Fig. 7. 
In the absence of remedial measures this deformation continues 
progressively. On a unit in fluid-catalytic-cracking service for 
around 18 years, this deformation resulted in a radial growth of 
about 1 in. at a distance of 1 ft down from the vessel junction, 
while the top of the skirt took on the appearance as if it had been 
purposely swaged in during fabrication. 

The cause of this deformation is traceable to the following con- 
ditions: As Table 1 shows, the longitudinal stresses in the skirt 
and lower shell portion are in excess of the elastic stress range and 
are principally of a bending character. During the operating 
cycle (hot condition), these stresses act to flare the top of the 
skirt inward. The opposite effect is imposed during the ambient- 
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b.) Skirt Butted to 
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Fig. 6 Recommended skirt-weld detail for vessels in cyclic service 
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temperature portion of the cycle. However, the lower yield 
strength, elastic modulus, and greater disposition of the metal 
toward creep enhance plastic deformation in the hot condition. 
Therefore the progressive general deformation pattern will be 
the one that would tend to develop during the operating (hot) 
condition. ; 

By themselves, however, these facts are insufficient to account 
for bulging farther down in the skirt since this would call for 
circumferential membrane stresses in excess of the elastic limit. 
As Table 1 shows, this condition is not met by the membrane 
components of circumferential stresses. 

Three related factors should be considered for a complete as- 
sessment of this phenomenon: (a) The relaxation of longitudinal 
stresses by yielding increases the circumferential membrane stress 
component. Preliminary studies indicate that this increase 
amounts roughly to one half of the relaxed-out portion of longi- 
tudinal stresses. (b) The stress conditions shown in Table 1 are 
representative only of the skirt-junction line. Studies [4] and 
the application of Equations (16) and (17) show that maxima in 
circumferential stresses occur in the skirt at distances sub- 
stantially removed from the junction. (c) The example of skirt 
bulging quoted previously occurred-in a unit of large diameter 
(30 ft) operating at high temperatures (950 F) and having a low 
skirt-shell thickness ratio (0.555). The calculated stresses in 
such a unit would far exceed those of Numerical Example 1. 
The. combined effect of these three considerations readily ac- 
counts for the development of circumferential membrane stresses 
high enough to induce bulging. 

While this type of deformation may be imperceptibly small in 
a single operating cycle, its cumulative effects over a period of 
years will mount to substantial proportions. The significance of 
this distortion, as exemplified by Fig. 7, lies in the fact that if per- 
mitted to progress far enough it may invite skirt buckling under 
the operating load of the vessel. The potentials of such a distress 
for an unslotted skirt are, however, remote. The principal con- 
cern over skirt distortion and bulging lies, therefore, in the un- 
sightly and worrysome appearance and the contribution of this 
distortion to hasten cracking in the skirt weld. 

If it is desired to prevent the development of skirt distortion, 
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Fig. 7 Deformation pattern of vessels in heavily cyclic service 
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the imposed-stress range must be limited to the combined yield 
values in the hot and cold condition: 


o = 1.6(S, + S,) 


where S, and S, are the cold and hot allowable stresses as given 
by the ASA B31.1 Code, and o designates the permissible stress 
range including stresses due to pressure, thermal, weight, and 
wind effects. 


Fabrication Details and Choice of Attachment Point 


The skirt is either attached to the side of the vessel as a single 
lap joint, or butted to the knuckle portion of the head with match- 
ing center lines of skirt and shell. Conventional details of these 
attachment types are shown in Figs. l(a and 6). While the 
latter arrangement allows a greater throat depth and reduces the 
eccentricity of vertical loading on the skirt, the desirability of 
either type of attachment must be weighed with due considera- 
tion to all effects. : 

The serious disadvantage of a simple fillet weld, Fig. 1(a), is 
obvious when considering that the moment-carrying capacity of 
a fillet weld is only '/: that of the skirt plate. Figs. 6(a and b) 
show suggested details for both the lap and butted-type attach- 
ment. Each weld has an effective throat dimension equal to the 
skirt thickness, and should equal the skirt in strength except for 
possible weld fabrication-stress raisers. 

Good fitup is more readily accomplished with the lap type. 
For this type, the skirt should be fitted to the head flange 
by laying up the plates before making the long seams in the skirt. 
The distance from the bottom of the weld groove to the nominal 
head tangent line should be at least one (and preferably two) 
plate thicknesses, to facilitate laying up and to benefit from con- 
tact heat flow in reducing the local temperature gradient. The 
skirt weld groove should be premachined with the weld surface 
having the contour shown in Fig. 6(a).5 

For the butted skirt, best fit usually requires accurate contour 
cutting along an irregular outline to suit the head shape. The 
detail proposed in Fig. 6(b) shows an angle cut and a wide root 
with backup bar to assure root penetration and minimize weld- 
metal volume. A straight cut rather than a J or other groove con- 
tour is preferred since fitup can be accomplished with the sarne 
facility as a square edge. Leaving the long seams of the skirt un- 
welded until the fit is made is helpful. 

With either detail, improved quality can be obtained by using 
heliarc welding for the root pass. The root is usually inaccessible 
for welding from the inside. However, for some butted skirts, 
the root may be welded first from the inside with a '/;-in. gap, 
using a short skirt stub; this necessitates another girth weld at 
the base of the stub for attachment of the rest of the skirt. 

Resistance to fatigue failures can be enhanced greatly by grind- 
ing the outside weld surface smooth and eliminating undercutting 
at the toe. Ifthe service does not justify this refinement, the cover 
pass should be deposited by weaving since stringer passes have 
been found to promote cracking. An intermediate level of qual- 
ity can be attained by inert-gas-are or gas-welding the cover pass. 

Attention to the outer surface finish is important, since cracking 
predominantly originates there [1], as discussed in the section on 
Fatigue. 

Highly critical service applications may justify the use of a 
special forged intersection piece to which each of the three shells 
can be butt-welded and the welds satisfactorily examined by ra- 
diography and other means. This type of construction has been 
used for intermediate heads in composite vessels [3] . 

Occasionally a vessel with a conical head falls in the range where 
the Code permits a sharp cone-shell intersection. For a skirt 


5 Patent pending relating to these fabrication details. 
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support it is preferable from a fabrication and inspection stand- 
point to use a tori-conical head to avoid covering the head-shell 
weld or two welds at the same location. ; 

The relative effects of imposed vertical loads and the stress 
conditions in the vessel are also important when considering the 
desirability of lap versus butted-type skirt attachments. For the 
lap type the vertical load imposes a local moment because the 
of the eccentricity. For the butted type this eccentricity is re- 
duced; offsetting this reduction is the introduction of an un- 
balanced horizontal component of the intersection membrane 
loads. The combined effects may equal or exceed the lapped- 
detail eccentricity effect. The butted type minimizes this effect 
when the OD of the skirt is matched to the OD of the head 
rather than when center lines are matched. 

Considering stress conditions, the lap detail is attached at a 
location where the vessel discontinuity pressure stresses are rela- 
tively low for elliptical or dished heads. On the other hand, the 
longitudinal bending stresses are generally high at the location 
of the butted attachment, particularly in the case of minimum 
knuckle-radius dished heads. 

It is the authors’ opinion, therefore, that improved fitup, lower 
temperature gradient, and better stress conditions in the shell at 
the attachment point make the lapped detail the preferred choice, 
particularly for minimum knuckle-radius heads. For 2:1 ellip- 
soidal heads the advantage is probably small; for hemispherical 
heads the difference is very slight and the saving. in skirt 
height would render the butt type generally more advantageous. 


Conical Support Skirts of Cylindrical-Shell Section 


The analysis presented is entirely suitable for conical skirt 
supports. These find application when it is advantageous to sup- 
port a vessel at some point other than at the bottom of the shell. 
For improved fitup and weld quality, it is desirable to weld a 
short cylindrical collar to the top of the cone prior to fitting to the 
shell, and to weld the support to the shell in a fashion similar to 
lap-type skirt attachments. The sharp collar-cone junction re- 
quires checking for the intersection effect also. 


Factors Relating to Satisfactory Skirt Design 


The factors which require consideration in the use of welded 
skirt supports have been discussed. Special emphasis is laid upon 
the fact that the weld must be adequate to carry the discontinuity 
forces and moments in addition to the design weight and wind 
loads. 

A general analysis for the three-shell intersection problem is pre- 
sented, as well as a simplified but versatile method valid for 
cylindrical shells having a common radius. The application of 
this analysis is illustrated by numerical examples which describe 
in detail the stress pattern developing around the skirt-attach- 
ment zone. 

The importance of thermal stresses is emphasized, showing that 
their severity increases with temperature and vessel diameter 
roughly on the order of T(a)'/?. The effect of the skirt/vessel 
thickness ratio, baffling, and insulation arrangements on thermal 
stresses is discussed, and mention is made of the improvements 
attainable by slotting the skirt. Reference is made to the applica- 
bility of the analyses to the problem of the composite vessel with 
a single internal head. 

An approach for the assessment of fatigue performance is pre- 
sented in terms of the maximum local stress range, number of 
cycles, and fabrication quality. The initiation and propagation 
of skirt-weld cracking is explained. Predictions for the number of 
cycles to failure and the manner of cracking check satisfactorily 
with actual service experience. 

Mention is made of the progressive deformation and bulging of 
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the skirt. The significance of this condition is discussed and de- 
sign criteria are advanced for combating its development. 

Specific recommendations and suggestions for design and 
fabrication practices are given, including weld details for im- 
proved strength and quality. The lap-type attachment is indi- 
cated as the preferred choice for normal applications. 

For vessels in pronouncedly cyclic service the improved skirt 
support of Fig. 4 and the weld detail of Fig. 6 should be em- 
ployed. Next a stress analysis should be carried out, to ascertain 
the anticipated fatigue life and tendency of deformation of the 
skirt support. If stresses are still deemed to be excessive, the 
addition of slots will generally achieve the degree of reduction 
desired. 

For mildly cyclic operating units the chances of fatigue failure 
are considerably lessened. Skirt-weld cracking can still occur 
on high-temperature, large-diameter vessels having no internal 
insulation, although the time required for cracking is more likely 
to be 8 years or over, as compared to around 2 years for conven- 
tional skirt welds on coke drums in cyclic service. 

The conventional skirt-attachment detail of Fig. 4 is fully 
adequate for internally insulated vessels or for towers in steady 
operating services. 
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APPENDIX 
Derivation of General Three-Cylinder Intersection Problem 


(a) Analysis for Differential Expansions and Rotation. The sche- 
matic form of a three-cylinder junction is shown in Fig. 8. When 
distributed external forces (pressure) and internal body forces 
(temperature, gravity, or centrifugal forces) are applied to the 
structures, the three cylinders attempt to deform. If the junction 
of the three cylinders is assumed to be cut, the resulting individual 
deformations are shown in the ‘‘free-body”’ diagram of Fig. 9. 

In Fig. 9 the cylinders have been represented by their center 
lines only; also cylinder 3 is assumed to have undergone no dis- 
placement, since the deflections and rotations of cylinders 1 and 2 
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Fig. 8 Representation of three-cylinder junction 


Cylinder 1 Cylinder2 Cylinder3 
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Equations (7) can be solved in pairs to give 
Initial Shape 
M, = 28,D,[—Bi(w — di) + + Gi) 
Ms = + 631 
Fig. 9 Free-body displacements of cylinders. Assumed to be positive = 
es shown. Q: = + dz) — + 
= + 4s] 


can always be expressed in relative magnitudes as compared to ne a d 
those of cylinder 3. Compatibility of final displacements demands that 
In the actual structure, free-body displacements cannot occur. 


. . = w 
Therefore appropriate junction moments and shears have to be eee 


(9) 
introduced of such magnitudes as to restore the continuity of the 6, = 0, = 0: = 0 
structure. This is shown in Fig. 10, where the center lines of skh ; : j 
initial structure are drawn in full lines, while the dash-dot lines Substitution of Equations (9) into (8) yields 
show the final deformed shape. The solution for cylindrical shells me i by 
subjected to end loading is given in the literature [5]. On this M, = 26,Ds[—Biw — ch) + 6 + ei) | 
basis M, = + ds) + — 
wi — = + M; = —28,D;[Bw + 8] (10) 
A: + = + Qi = — di) — — 
we + = + Q: = + dr) — + 
(7) 
— = (2B:Mz + Q2 = + 8] 
w; = (BM; + Qs)/2Bs*D; Also, equilibrium conditions at the junction require that 
6, = —(28:M; + Q;)/28;*D; Mi =0 (it) 
Displacements are regarded to be positive under the following 
conditions: Solving for the 8 unknowns in Equations (10) and (11) leads to 


Cylinder 1 


w, 
Cylinder 5 


ta; wz 


- 
2 


baz 


- 


Initial Shape 


—---—— Final Deflected Shape 


Center Line of Three Cylinders 


Fig. 10 Representation of junction forces and displacements. Assumed positive as shown. 
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w = [BAD(2B8, + + | B = + + 
C = + + 


+ BiD(BB, + — BB: + K = BC At 


= + + Ca (b) Analysis for Distributed External Moments and Shears Applied to 


Junction. Let an evenly distributed moment of intensity M and 
+ B,D\(ABi + Cig: — BDA AB, + C)¢2] shear of intensity Q be applied externally to the junction of the 
three cylinders, as shown in Fig 11. 
M, = ~ {aeD, [ ax2ne, +A)+C The derivation is similar to the previous case, except that Equa- 
tions (10) and (11) modify to 
- d, — B,*D,[28(BB, + A) + AB, + Clad M, = 28,D\—Byw + 6) 
1/41 
K M;z = —Bw + 6) 
+ BD, [ +2A)+C—- ¢1 M, = —28;D,(Byw + 0) 


Qi = — 8) 
Q: = 28:*D( 28.0 — 8) 
Qs = 28;*Dx( 28; + 4) 
M,+ —-M,; =M 


— + A) + AB, + cet 


M, = + A) + AB, + Cid, 


+ BiDiB\(BB, + A) + AB, + Cler Solution of Equations (13) and (14) results in 
K 
+ 24) of w = (-AM + BQ) 
2K 
+ A) — (248; + (12) 
+ BR, + A) (AB + == (AB: + C)M — (BB: + 
— BB, + A) — (AB: + 
M, = — [(A C)M —(B A 
* [ 49.88, + 4) 2 K + ) ( + )Q) 
(15) 


K "Dy 
+ BD, [ +34) +C an |e Q = —— [—(24B, + C)M + (2BB, + A)Q] 
— + A) + 2AB, + a= + C)M + (2BB, + A)Q] 

2 =— + A) + 248; + [-(24B) — C)M + (2BB, — 
K 

— BvD: [19.488 +A) | where A, B, C, and K are as defined in Equations (12). 


Cylinder 1 Q 
a, 


+ B,D, (28,(2BB, +A) + + Cle: 
64288, + 34) +0 | | 


(2BB, + A) — (248, + G _cylinder 3 


Cylinder 2 


— B,*D,[2B(2BB, + A) — (2AB;, + 
+ B,D,[28( BB, + A) — + 
— BrD;{28,(BB, + A) — (AB: + 
where Center Lise 
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(c) Combined Analysis for Displacements and External Forces. 
With known values of the free-body displacements d,, d2, ¢1, ¢2, 
and the external forces M and Q, the solution for the junction 
moments and shears can simply be obtained by superposing the 
results of Equations (12) and (15). 

(d) The Generalized Moments and Shears. From the junction 
values M; and Q,, the moments and shears (M, and Q,) at any 
distance z from the junction, as shown in Fig. 12, can be obtained 
from the relationship [5]® 


M, = ¢M; + £Q;/8; 
Q, = + 
w, = (BWM; + £Q;)/2B8D; 


(16) 


where 
= (sin + cos B,x) 
—sin B;x + cos B;x) 


= e fiz gin 


= cos 
1, 2,3 


i= 


Generally both M, and Q, will have maxima at z = 0. In 
cases where this does not hold, the respective maxima can be ob- 
tained by a minimization process from Equation (16). 


x 
tad 
£4 


Fig. 12 Representation of forces at junction and at arbitrary distance 


(e) Relationship Between Moments, Shears, and Stresses. The gen- 
eral expression for stresses is given by 
oe 6M, 4 Niu 
h;? h; 
(17) 
Ne 
h? h; 


where positive signs denote tension; upper signs refer to the in- 
ternal, and lower signs to the external surfaces. 

The following relationships are of use in simplifying the stress 
equations: 


0 
= —Ehw,/a (18) 
M.. = vM,, 


Substituting these results into Equations (17) there obtains 


| (19) 


= F6vM,,/h,? — Ew,/a = vo,, — Ew,/a 


= F6M,,/h? 


Inserting Equations (16) into (19) ieads to 


* The sign changes, as compared to Equations (236) of reference 
[5], are due to the fact that the end moments and shears were assumed 
to act in a sense opposite from that shown in Fig. 156 of the reference. 
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(20) 
12(1 — v?)]'/2 
= VO — (var, +2 @.) 
At the junction x = 0 for all three cylinders, so that 
¢g=1.0 
y = 1.0 (21) 
—&=1.0 
With these values the junction stresses reduce to 
oy = 
= {v [(1 — 0, (22) 


— 
Setting vy = 0.3 into Equations (22) yields the final results 
oy = F6M,/h? 
(23) 
= (0.3 + 0.551)o0;; 2.57(a;/h,?) 

(f) The Simplified Cylind Problem. Considerable 
simplifications can be made in the general derivation for the case 
where all three intersection cylinders have identical radii and are 
at tne same temperature. This condition is closely satisfied by 


the type of support where the skirt is attached to the cylindrical 
portion of the vessel. For this case 


E,; = E; 


Int, oti 


a; = 4; +=1,2,3 


Using the notation 
Bi = i/hs; = he/hy 
the sum of Equations (12) and (15) reduce to 


w = ried) — red, + — TaP2 


6 = —Biped: + 


1 
— — + [Bx(2p2 — por)M 


— (2re — ree)Q] 
M, = 28,D,(Bi(kudi + + + lege] 
1 
+ puM — 
Mz = + heads) (24) 
+ + | + PeM — rnQ 
Me Be 
M; = M, + M, a M 


2 
+ kugi + (*) — + 
1 


3/9 
Q2 = {6 [(“) md, + mats | 
Qs; Q = Qs 


/ 
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The auxiliary functions shown in Equations (24) are given by 
the following expressions: 


= — 1) + + 1)? + + 1)1/q 
= + — 1 + + + | 
ken = + — 1 + 2m + + | 


= mi? — 1) + + 1)? + + 


ha = + 1) + + 1)? 
+ + 


ly = + +1 


= + 1) + + 1)* 
+ + 1))/q 


my = pe’? + 1) + + 1)? 
+ 2ys"/*(u2 + 1)]/q 
my = + + 1 


= + 1) + (ui? + 1)? 
+ + /q 
+ = wh? — 
Pr = + + pe'/*) 
= + + 
+ (1 — — 
= + + 
+ (1 wi? — 
= — — 
+ (1 + + 
= — — 
+ (1 + + 
= — wi? — 
+ 21 + + 
= + + + + 1) 


D. J. Bergman’ 


This paper furnishes a much needed attack on one of the diffi- 
cult problems of vessel design for process engineering; namely, 
temperature-transition skirt supports on hot vessels. There has 
been too little thought given to the effect of thermal stresses by 
the vessel designer. The solution of the very complicated three- 
intersecting-cylinder analysis for steady-state operation indi- 


7 Universal Oil Products Company, Des Plaines, III. 
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cates thermal stresses far above the elastic limit for plain carbon 
steels, when high axial temperature gradients exist. 

In many cases this results in yield or creep in the vessel wall 
or skirt weld, but with long-time operation not enough cycles 
occur in the lifetime of the vessel to cause fatigue failure, conse- 
quently thousands of skirt-supported hot vessels are in satis- 
factory service. 

With coke chambers operating on a daily cycle the case is very 
different, since the number of stress reversals and the stress range 
become important. Even more important is another factor 
that most seriously affects analysis of stress. 

Anyone who has witnessed a complete cycle of operation of a 
thermal coking unit is convinced that the maximum stress condi- 
tions occur during the quench period. Following steaming, 
water is injected into the bottom of the coke chamber to cool the 
coke and vessel walls preparatory to coke removal. The writh- 
ing and bending of the vessel as the cooling progresses unevenly 


_ up the walls is unmistakable evidence of the tremendous force 


set up by transient thermal gradients. 

Perhaps if cooling could be done much more slowly the condi- 
tions would be eased. But to complete cleaning of a coke chamber 
in time for reuse, it seems necessary to set up an operating 
schedule based on time rather than temperature. Further com- 
plications such as hard dense coke areas, fissures in the coke 
bed, and wandering of the transfer hole from the center of the 
coke bed toward the walls, all contribute to irregularities in cool- 
ing and complications to the heat-transfer and stress problems. 

With digital-computer facilities readily available to ease many 
of the laborious calculations required by engineers there is a 
tendency to forget that coke chambers solve heat-transfer and 
stress problems which are complicated by transients, as well as 
variable heat-transfer rate, conductivity, and terminal temper- 
ature. Since they are not equipped with print-out typewriters 
or oscilloscopes, too little attention is paid to their solutions of 
the problems they are fed until internal distress causes flashing 
of an alarm signal in the shape of bulging side walls or cracked 
welds. 

Some temperature data taken on the outside of the 2-in-thick 
walls of a 10 X 40-ft coke chamber in 1930 furnish interesting 
background to the coke-chamber problem. This vessel was 
supported upon a cast-steel cradle rather than a skirt. 

The rate of cooling of the 2-in. wall as shown by skin couples 
at a number of points was a maximum in the range of 550 F 
to 400 F, presumably where boiling water at the pressure in the 
vessel wet the steel walls. The maximum rate determined by 
several couples was about 105 deg F in 8 min, or 790 deg F per hr. 
This indicates a heat loss over 6800 Btu per hr per sq ft from the 
2-in-thick wall based on outside temperature. The rate on the 
inside would be higher corresponding to boiling heat transfer. 
The radial gradient on the outside would be 23 deg F per in. with 
a correspondingly higher rate on the inside. 

The transient temperature difference between inside and out- 
side faces of the wall at the onset of wetting probably causes the 
most severe stress. When this occurs the inside face is suddenly 
cooled almost to the temperature of the boiling water, while the 
outside and middle are still very much hotter. The inner fibers 
try to contract but are restrained by the remainder of the thick 
wall. So stretching of the inner wall occurs. This is aggravated 
by the internal pressure of steam, and by pressure against the 
coke as the steel contracts. Shortly after, as the wave of cooling 
passes deeper into the wall, the whole wall contracts, putting the 
still hot outer fibers into compression. When the whole wall 
cools down to uniform temperature the inner fibers are in com- 
pression while those outside are in tension. This mechanism 
seems to be responsible for the bulging of the walls of coke cham- 
bers. Fortunately, the lower part of the vessel, including the 
skirt-weld area has been cooled somewhat due to heat loss 
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through the insulation before quenching takes place. However, 
radial gradients may still be the critical ones at the skirt weld. 

At the time the skirt-weld area is subjected to this fast cooling, 
the axial temperature gradients are confused both as to value 
and direction. Particularly, the gradient in the skirt reverses and 
for a time heat flows both ways from the mid-portion to the inter- 
section and the bottom. 

If the foregoing analysis be valid and radial gradients are the 
troublesome ones, it appears that the open crotch suggested in 
the paper may serve but poorly in protecting the skirt weld at 
the most critical period of cooling. Temperature tests on vessels 
with an internal insulation of 2 in. of ganister reduced the rate of 
wall cooling to 120 deg F per hr. This served as excellent protec- 
tion against bulging of coke chambers, but had to be aban- 
doned because of damage by the jets when hydraulic de- 
coking was used. 


E. R. Slater® 


The authors have presented a very valuable paper giving a 
method for arriving at stresses in high-temperature vessels and 
their skirt supports which should be extremely useful to the de- 
sign engineer. However, there appear to be certain discrepancies 
which occur in equations (12). It is found that, neglecting terms 
due to temperature, the equilibrium conditions imposed by equa- 
tions (11) are not satisfied by the values of M,, Ms, M; and Q,, 
Qe, Q; as obtained from equations (12), This is easily confirmed 
by letting = Be = Di = Dz = Ds, and = g = 0. It 
would seem that the error occurs in the terms containing K 
within the square brackets. By inspection it is found that by 
multiplying these terms by 2 the conditions of equations (11) can 
be met, but there has not been time to carry out a rigorous check 
to determine if this is indeed the answer, nor has any examination 
of the temperature terms been made. However, it would be re- 
assuring to know that these discrepancies have not been carried 
forward to equations (24) and hence back into equations (1) from 
which the shell and skirt stresses are obtained. 

It is said in the paper that the variables k, 1, m, p, and r can 
be reduced to chart form using sy, as an independent variable 
and pe as the free parameter. If the authors have already done 
this, it is hoped that the charts will be published since they 
would save much tedious calculation. 


Authors’ Closure 


Before commenting in detail upon the discussions submitted 
for this paper, the authors wish to acknowledge the valuable sug- 
gestions and important points raised by both of the discussers. 

Dr. Bergman’s emphasis on the importance of thermal fatigue 
in cyclic service serves to underline the strong point made about 
this subject in the text of the paper. His data on the transient 
values of axial and radial thermal gradients in delayed cokers add 
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further substance to the fact that thermal causes are the most 
important design considerations for these severely cyclic units, 
While the authors readily agree that the radial thermal gradients 
may contribute significantly to the development of bulging, their 
influence on skirt-weld cracking is doubted. Had these gradients 
been the cause of skirt-weld cracking, one should anticipate the 
cracks to develop perpendicular to the run of the weld seam. In- 
stead, all field experience to date indicates that the cracks run in 
the lengthwise direction, that is, parallel to the weld seam, as 
shown in Fig. 5. This leaves little doubt in the authors’ minds 
that the moments resulting from axial thermal gradients are the 
major cause of skirt-weld cracking, as explained in more detail in 
the paper. 

Dr. Bergman’s observation regarding the reversal of axial gra- 
dients in the skirt during the quenching operation is entirely cor- 
rect. Offhand, however, one would expect that these gradients 
would not be as severe as those developed during the operating 
cycle, since the net temperature difference (A7’) influencing the 
heat flow (Q) would tend to be far smaller when the drums are 
brought down to ambient temperature. This prediction could 
be upset if the surface-boiling film coefficients are so high as to 
permit a greater quantity of heat to flow out of the skirt (which 
will act as a heat reservoir of small volume during the quenching 
operation), even though the temperature levels corresponding to 
this cycle are substantially lower. The general question of the 
influence of temperature differentials and film coefficients upon 
gradients and thermal stresses is dealt with in detail in Refer. 
ence [11]. 

The authors agree with Dr. Bergman that gn internal insulation 
would be the ideal solution to the question. Such, in fact, was 
the case in the days of mechanical ball-and-chain decoking ap- 
paratus, when the roughly 2-in. thick layer of coke remaining 
on the walls after decoking served as an excellent internal ther- 
mal shield for the vessel. Unfortunately from this viewpoint, 
hydraulic decoking will not permit any insulation to stay in the 
vessel, regardless of whether such insulation is the result of acci- 
dental coke deposition or was intended to be used as a thermal 
shield for the structure. 

Mr. Slater’s comments on the discrepancies in equations (12) 
are sincerely appreciated. This discrepancy was the result of an 
inadvertent error made in the transformation of equations for pur- 
poses of preprinting, and has been corrected in the final publica-~ 
tion of the paper. Even in the preprint, the error does not go be- 
yond equations (12), so that all other equations are correct ex- 
actly as given. 

In response to Mr. Slater’s question, the authors did prepare 
chart-form solutions for all of the auxiliary functions. The re- 
sulting charts, 18 in number, when reproduced in sufficient size to 
permit their accurate use, would have made the paper so bulky 
that the authors deemed it wiser to refrain from their inclusion in 
this work. With the background information and equations 
fully presented, these charts can be prepared by any individual 
suitably interested in this subject. 
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E. J. OPERSTENY 


Static Testing High-Pressure 
Piping Components 


A method for testing high-pressure piping systems for service in the 20,000 to 40,000-psi 


range is described. Tubing systems were pressure tested and their behavior followed by 


Plastics Division, 
Monsanto Chemical Company, 
Texas City, Texas. Mem. ASME 


means of resistance-wire strain gages mounted on the exterior surface. A method is 
described for graphically determining the pressure at which a tube wall becomes fully 
plastic. The allowable working pressure of a tube is determined by applying a safety 


factor to this pressure. Tubing bends and fittings, including metal gaskets, flanges, and 
tees, are evaluated by comparing their behavior under pressure with that of the tube with 
which they are to be used. 


ae pressures in the petrochemical industry 
have reached the 20,000 to 40,000-psi level, particularly in the 
production of plastics such as polyethylene. 

One of the major obstacles in reaching this level was procure- 
ment of piping components, including tubing and fittings for plant 
use. Laboratory tubing and fittings for pressures up to 200,000 
psi have been available for a number of years, but experience 
indicated more rugged designs would be required for plant serv- 
ice. Also, except for instrument lines, process requirements in- 
dicated use of larger tubing and fittings. As a result it was 
necessary to design, build, and test such components. This paper 
concerns testing and pressure-rating tubing and fittings in the 
20,000 to 40,000-psi static-working-pressure range. 

The pressure-rating procedure for tubing involved subjecting 
samples to internal pressure, measuring their strain behavior by 
means of resistance-wire strain gages mounted on the outside 
surface, determining the pressure required to produce “full plastic 
flow” in the tube wall, and applying a safety factor to this pres- 
sure. The resultant “uncorrected working pressure’ was down- 
graded in accordance with the least conservative dimensions 
and physical properties set up in the purchase specifications. 

Tubing bends and fittings, including tees, flanges, and metal 


Contributed by the Petroleum Division and presented at the 
Petroleum-Mechanical Engineering Conference, Denver, Colo., 
September 21-24, 1958, of Tue American Sociery or MECHANICAL 
ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual statements of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 22, 
1959. This paper was not preprinted. 


Nomenclature 


gaskets, were pressure tested and compared with straight tubes 
with which they were to be used. Comparative ratings indicate 
whether these components are adequate for service with the 
corresponding tubing; they do not necessarily show the maximum 
pressure for which the components are suitable. 


Test Equipment 


Static test equipment was obtained from various suppliers and 
assembled behind a steel barrier as shown in Fig. 1. An equip- 
ment list appears in the Appendix. 

The hydraulic-system piping, shown as dashed lines, Fig. 1, 
operated at a 2000-psi maximum. It was made from */,-in. 
schedule 80 seamless pipe with 3000-psi forged, screwed fittings. 

The low-pressure test-fluid system, shown as dotted lines, 
operated at a maximum pressure of 5000 psi. It was piped with 
commercially available '/.-in-OD X #/3-in-ID type 304 stainless- 
steel high-pressure tubing and associated type-316 stainless-steel! 
high-pressure fittings. 

The high-pressure test-fluid system, shown as solid lines, 
operated at pressures up to 200,000 psi. Piping was */,-in-OD x 
1/,.-in-ID composite high-pressure tubing and associated fittings. 

Hydraulic fluid was SAE-10 engine oil. 

The test fluid was a 75-25 per cent mixture by volume of di (2- 
ethylhexyl) sebacate and ethyl alcohol, selected after extensive 
fluid tests. It satisfied the chief requirement of remaining fluid 
up to 200,000 psi, and in addition was a good lubricant, noncurro- 
sive, relatively safe from fire hazard, fairly inexpensive, and 
commercially available. 

As the test fluid was a mixture, its composition was subject to 


E = Young’s modulus (taken as 


(Prp)o.o1 = pressure to cause full plastic 


(Py)o.0 


pressure to cause elastic 


30 X 10® psi for steel) 

wall ratio of cylinder or tube 
(OD/ID) 

symbol for natural loga- 
rithms 

internal pressure, psi 

bursting pressure of cylinder 
or tube, psi 

pressure to cause full plastic 
flow in cylinder or tube 
wall, based on _ yield 
strength in tension at 0.2 
per cent strain offset, psi 
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flow in cylinder or tube 
wall, based on _ yield 
strength in tension at 
0.01 per cent strain offset, 


Pw.» = internal working pressure of 


cylinder or tube, psi 


Pp, = pressure to cause elastic 


breakdown at bore of 
cylinder or tube, based on 
yield strength in tension 
at 0.2 per cent strain off- 
set, psi 


breakdown at bore of 
cylinder or tube, based on 
yield strength in tension 
at 0.01 per cent strain off- 
set, psi 

Poisson’s ratio 

max. allowable strain, in. per 
in., €,, + 0.2 per cent 

hoop strain in external sur- 
face of cylinder or tube, in. 
per in. 


(Continued on next page) 
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PRESSURE GAGE 
10.000 PS! 


4 
CELL 
200,000 PSi. 


B MANGANIN 
12 12 O PRESSURE 
7 RECORDER 
1 5 
Rupture Disc 
| 5000 PSI " | 
| «LJ 
CATCH TANK 
INTENSIFIER 


5000 PSI 


SET 600 PSI. 


SET 1000 PS! 


change by evaporation. Periodic freezing point (solidification) 
checks were made by plotting a curve showing intensifier hy- 
draulic oil (low) pressure required to produce a given (high) pres- 
sure on the high-pressure side of the intensifier. Such a curve 
should be a straight line up to the top pressure rating of the in- 
tensifier. A deviation or break in the curve indicated solidifica- 
tion. 

Test pressures were sensed by a 200,000-psi Manganin cell 
located in the test area and recorded on a circular chart recorder 
(range 0-100,000 psi and 100,000—200,000 psi) located on the con- 
trol panel. Strains on the test components were measured by 
Type A SR-4 120-ohm resistance-wire strain gages cemented to 
the test specimens. Temperature compensation was used in all 
cases. 

Strains were indicated on the control panel. A bridge balancing 
unit suitable for 12 gages was used to switch from one strain gage 
to another. 

With the system described, it was possible to control pressure, 
record pressure, and observe strains remotely, as all controls and 
instruments were mounted on a panel board. For safety reasons, 


Nomenclature 


4 WAY VALVE 


Fig. 1 Test equipment, flow diagram 


PRESSURE GAGE 
2.000 PSi 


no one was allowed to enter the test area while a test was in prog- 
ress. 


Theoretical Considerations 


As the basic element of a high-pressure piping system is a thick- 
walled tube or cylinder, it was necessary to establish a criterion 
for tube failure. Faupel and Furbeck [1, 2]! have shown that 
the behavior of elastic thick-walled steel tubes under pressure can 
be predicted by application of Von Mises’ distortion-energy 
theory. 

Referring to an idealized hypothetical pressure-strain curve for 
a previously unstrained thick-walled alloy-steel tube, Fig. 2, the 
cylinder behaves elastically for the first portion of the curve, OA. 
At point A, initial yielding (elastic breakdown) of the bore takes 
place, and the corresponding pressure is termed “‘elastic-break- 
down pressure.”’ 

Further increase in internal pressure causes the plastic zone to 
progress through the wall of the tube until, at point B, the outside 


1 Numbers in brackets designate References at end of paper. 


= external hoop strain in cylin- 
der or tube at bursting 


sion at 0.01 per cent strain 
offset, in. per in. 


(€y)o.o1 


strain in tension at 0.01 per 
cent offset yield strength, 


pressure, in. per in. (€,)yo.0. = external hoop strain in cylin- in. per in. 
(€,);p = external hoop strain in cylin- der or tube at pressure for €,, = Yield strain, in. per in. = 

der or tube at pressure for elastic breakdown, based Oye 
full plastic flow, based on on yield strength in ten- E : ‘ 
yield strength in tension sion dt 0.01 per cent strain o, = yield strength in erect - 
at 0.2 per cent strain off- offset, in. per in. 0.2 per cent strain offeet, 
set, in. per in. €, = strain in tension at ultimate = 

(€,)rp0.0. = external hoop strain in cylin- strength, in. per in. (Gyo. = yield strength in tension at 
der or tube at the pressure €, = strain in tension at 0.2 per 0.01 per cent strain offset, 


for full plastic flow, based 
on yield strength in ten- 
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cent offset yield strength, 
in. per in. 


psi 
ultimate tensile strength, psi 
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EXTERNAL HOOP STRAIN 


Fig. 2 Idealized hypothetical pressure—hoop strain diagram for thick- 
walled alloy steel cylinder 


INTERNAL PRESSURE 


fibers of the tube reach the yield strength of the metal. The 
pressure sustained by the tube under this condition is termed the 
overstrain pressure or ‘pressure for full plastic flow.” 

Further increase in pressure causes the cylinder to burst, at 
point C. 

Faupel and Furbeck [1] suggest the use of the following equa- 
tions, based on Von Mises’ theory, to predict points A, B, and C. 
At point A, the internal pressure required for elastic breakdown 


of the bore is 
(3)'/2 R? 


The corresponding hoop strain on the outside surface of the cylin- 
der is 


(Py)o.o1 (1)? 


(Py)o.n (2 — 


E(R? — 1) (2) 


= 


At point B, the internal pressure required for full plastic flow, or 
overstrain of the wall is 


= (oy). nR (3) 


and the corresponding hoop strain on the outside surface of the 
cylinder is 


(€n)sp0.01 0.866(€, )o.o1 (4) 
(€x)sp0.01 © (5) 


At point C, the cylinder will burst. The required internal pres- 
sure is 


= InR [2 - (6) 


and the corresponding hoop strain on the outside surface of the 
cylinder is 


2 Equation (1) is for a closed-end cylinder. However, for engineer- 


ing calculations this form may be used instead of the more complicated 
equations for open and restrained-end cylinders, provided the wall 
ratio R is 2 or more. 
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(7) 


Although Equations (1-7) were developed on the basis of the 
value of the yield strength at 0.01 per cent strain offset from a 
tensile test, Faupel found that the more common 0.2 per cent off- 
set yield-strength value can be used for bursting-strength calcula- 
tions [2]. We found in this investigation that the 0.2 per cent 
offset yield-strength value can also be used in calculating the 
pressure for full plastic flow. 


Graphical Method 


As will be explained subsequently, our allowable working pres- 
sures are derived from the pressure required to produce full plastic 
flow, point B of Fig. 2. Therefore it was desired to develop a 
method for locating this point quickly on an experimentally de- 
termined pressure-strain curve. 

Referring again to Fig. 2, it was found that, when test cylinders 
were overstrained to any point D or D’ and the internal pressure 
was released, lines DE and D’E’, representing the pressure-strain 
curve with falling pressure, were substantially parallel to line OA 
and to each other. Thus OE represents the permanent hoop 
strain or set in the external surface due to internal pressure D, 
and OE’ represents the permanent hoop strain or set in the ex- 
ternal surface due to internal pressure D’. 

In some cases it was difficult to determine the location of Point 
A or OA appeared to be a curve. In such cases use was made of 
the fact DE was substantially parallel to D’E’. 

In a thick-walled cylinder at the moment of full plastic flow, 
the external hoop strain is 


0.866¢e, [from (4)] 


Yield strength of a material having no definite yield point is 
normally defined as the stress required to produce 0.2 per cent 
permanent strain offset in a tensile test. If by definition, 


€, = 0.2 per cent 
then 
(€)s> = 0.866 X 0.002 = 0.001732 in. per in. 
or 


(€,)yp = 1732 microin. per in. (8) 

From Equation (8), point F in Fig. 2 becoraes 1732 microin. 
per in., and a line FG drawn parallel to OA, should intersect the 
pressure-strain curve at B to indicate the “graphically ob- 
served” pressure for full plastic flow. In case OA appears to be a 
curve, or point A is difficult to detect, line FG may be drawn 
parallel to DE or D’E’. 

If in Equation (3) the yield strength is taken as the stress re- 
quired to produce 0.2 per cent strain offset in a tensile test, then 
the internal pressure required to produce full plastic flow becomes 
from (3) 


o,inR = 1.l5¢, nR 


Pip = (9) 


As a check on the graphical method, the pressure for full plastic 
flow as graphically observed can be compared with the value cal- 
culated from Equation (9). 

As an example of the graphical method, pressure-strain tests 
were made on seven specimens whose properties are listed in Table 
1. Strain gages were mounted on the cylinders so as to measure 
hoop strain, and temperature compensation was used. The 
cylinders were held in a fixture as shown in Fig. 3, designed to 
avoid weakness due to specimen-closure threads. Closure plugs 
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Ult. tens. 
Sample strength, 
no. Material psi 
12 4135 quenched and tem- 
pered 124,000 
20¢ 4340 quenched and tem- 
pered 149,000 
30 4340 air cooled and tem- 
pered 149 ,000 
38 Modified 4340 quenched, 
tempered 193 ,000 
56 Carpenter 5-317 (nickel- 
chrome) unknown heat- 
treatment 134,000 
A-1 4130 unknown heat-treat- 
ment 107 ,000 
A-2 4130 unknown heat-treat- 
ment 104,000 
@ See Fig. 4. 


Table 1 Mechanical properties of sample cylinders 


Cape ent 

offset, psi percent percent Hardness 
98,000 55 18 22-27 R. 
142,500 59 17 30-33 R. 
123,000 52 16 28-34 R. 
180,000 49 13.5 40-43 
112,000 58 20 23-26 R. 
92,000 96 R, 
89,000 95 Ry 


TUBE UNDER 


PRES SURE — 


\ 


A= CLOSURE 


floated in the cylinder ends. To prevent axial loading, care was 
exercised to avoid overtightening the tie bars. Results of the 
tests, Table 2, show that the pressure for full plastic flow as 
graphically observed is within 15 per cent of that predicted from 
Equation (9). Fig. 4 shows the results of tests on specimen 20, 
Table 2. 


Reduction to Practice 


In applying the graphical method to tube tests, it was necessary 
to arrive at a criterion of failure, apply a safety factor to this 
criterion, and test tubes of the type to be used in the plant. 

Criterion of Failure. According to one criterion, a cylinder fails 
when the stress at the inner fiber reaches the yield strength 
(elastic breakdown). From Equation (1), the required pressure 
for elastic breakdown is 


Py (3)'/2 R? 
The maximum allowable internal-pressure/yield-strength ratio in 


terms of wall ratio R is calculated from Equation (10) and plotted 
as curve I in Fig. 5. 


(10) 


With increasing value of R, the relation £ reaches a maximum 


value of 0.58. Equation (10) indicates that it would be wasteful 
to have a wall ratio R much greater than 3, and that the internal 
pressure p could never be greater than 0.58 o, without cylinder 
failure. However, actual tests have shown that in some cases in- 
creased wall ratios increase the ability of a cylinder to withstand 
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Fig. 3 Fixture for holding tubular specimens 
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Fig.4 Pressure—hoop strain diagram for cylinder specimen 20, 2'/, OD 
X 5/8-in. 1D type 4340 alloy steel 


pressure, and that internal pressures greater than 0.58 a, can be 
realized. This criterion was therefore rejected. 

According to a second criterion of failure, if the internal pres- 
sure is increased above the pressure p, determined from Equation 
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(10), a plastic zone will spread from the inner to the outer wall of 
the evlinder. At the pressure represented by: 


Pyp = 1.150, In R 


the wall will be fully plastic. 

The maximum allowable internal-pressure/yield-strength ratio 
in terms of wall ratio R is calculated from Equation (9) and 
plotted as curve II of Fig. 5. This curve shows that calculations 
based on Equation (9) take cognizance of the increased strength 
accorded a cylinder when the wall ratio is increased. This is 
‘significant, as inspection of Tables 1, 2, and 3 will show that under 


(9) 


175 


15 2.0 25 3.0 35 
WALL RATIO-—R 


parison of pressure/yield strength ratios, when calculated 
(10) (curve §) or Equation (9) (curve Il) 


40 45 


Table 2 


certain conditions a heavy-walled cylinder can withstand internal 
pressures greater than the yield strength and ultimate tensile 
strength of the metal of which it is made. 

According to Bridgman [3]: ‘‘A little reflection will show the 
general nature of the reason why (this is so). Most metals pass 
through a more or less plastic stage in the range of stress above 
the yield point, where the stress difference that the metal can sup- 
port is nearly independent of the elongation. The inner part of 
the cylinder reaches this condition first; as pressure rises the 
fiber stresses in the inner circumferential fibers of the cylinders are 
‘unable to rise above this critical limit, but the radius of the part 
in which this critical maximum fiber stress prevails becomes 
greater, and;the outer parts of the cylinder remain below the 
elastic limit. The inner layers are incapable of rupture under 
these conditions because of the support they receive from the 
outer layers... .’’ For these reasons it was decided to use the 
pressure required to produce full plastic flow as the criterion of 
failure. 

Safety Factor. In high-pressure work, safety factors must of 
necessity be lower than those sometimes used in other fields. 
As the available metals have only a finite strength, use of too 
conservative a safety factor may result in an allowable working 
pressure that fails to meet process requirements. Because of the 
necessity for low safety factors, materials specifications, fabri- 
cation procedures, and inspection methods must be the equal of 
those used in the aircraft industry. 

Siebel [4] suggests that when the pressure for full plastic flow, 
Equation (9), is the basis for determining allowable working 
pressures, the safety factor should be no less than 1.8. 


= 


In our work, a safety factor of 2 for unthreaded symmetrical 
tubes was used, 


p= 


(11) 
2 


Cylinder test results 


Calculate 1 
Deviation, 
Eq. (9) per cent 
137 ,000 0 
197 ,000 —14 
173,000 -1 


250,000 
156,000 
116,000 
113,000 


Graphically 
ob 


-9 


Table 3 Test results, 9/16-in-OD X 3/16-in-ID tubing 
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Graphically 
observed 
press. for 
1000-microin. 
hoop strain, Deviation, 
i per cent 


Max. 
allowable 
press. at 


test press. 
70 F, psi psi, Eq. 
42,700 
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|_| : 
| 
1.00 
| - | | 
‘by Equation 
Sample Wall ratio 
no. OD, in. ID, in. R 
12 2.130 0.633 3.37 
20¢ 2.130 0.639 3.34 
30 2.137 0.634 3.38 
over 
38 2.126 0.637 3.34 200 , 000 
56 2.120 0.633 3.35 142,000 
0.563 0.188 3. 103 ,000 
A-2 0.563 0.188 3. 101,000 
, @ See Fig. 4. 
stren 
0.2 per Uncorrected 
cent Wall Calculated working 
Sample offset, | ID, ratio Psi, press., 
no. psi in. R Eq. (9) psi 2) 
1-T 74,000 0.193 2.93 91,000 94,000 +3 47,000 
2-T 78,000 . 0.193 2.93 96,000 94,500 —2 47,250 61,000 
3-T 74,000 0.193 2.93 91,000 96 ,0002 +5 48,000 59,000 
4-T 69,000 0.193 2.93 85,000 96,0002 +13 48,000 56,000 
5-T 78,000 0.193 2.93 96,000 97,000 +1 48,500 61,000 
6-T 78,000 0.188 3. 98,000 103 ,000¢ +5 51,500 61,000 
7-T 78,000 0.188 3. 98,000 100,000 +2 50,000 61,000 
8-T? 74,000 0.188 3. 94,000 101,000 +7 50,500 59,000 
9-T 78,000 0.188 3.01 98,000 98,000 0 49,000 62,000 
Average 60,000 
Rounded off to 
* Thread failure. 
> See Fig. 7. 
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The pressure for full plastic flow p,, was graphically observed 
during actual tests and checked against the pressure calculated 
by Equation (9). 

Siebel further suggests that an additional check should be 
made to be sure the calculated permanent deformation at the 
inner fiber of the cylinder does not exceed 0.2 per cent on applica- 
tion of a test pressure of 1.5 times the allowable working pressure. 
For calculating the pressure at which this 0.2 per cent set may be 
expected, he gives the formula 


p = 0.5750, + In res Re ) (12) 

Tubing Tests. A number of tubing systems of different sizes were 
tested and rated for operation between 20,000 and 40,000 psi. 
One of the sizes was °/i»-in-OD X */,.-in-ID type 4130 seamiess- 
steel tubing, a popular size for instrument lines and low volume 
flow. Because of its widespread use, it is used as an example of 
the ratir¢ procedure. 

Nine samples selected at random from plant stocks were 
threaded, flanged, and made into sections with metal gaskets as 
shown in Fig. 6. By testing threaded and flanged samples, plant 
conditions were simulated. 

Micrometer measurements were taken and strain gages applied 
in such a manner that external hoop strain was measured. 

Pressure was applied in increments and strain-gage readings 
taken and plotted as shown in Fig. 7, the results of the test on 
sample 8-T. Test pressures reached 95,000 to 109,000 psi. 
Tests were terminated when the tubing burst in the threads. 

For this series of tubing, thread failure occurred before the in- 
ternal pressure reached that required to produce the normally 
used 1732-microin-per-in. external hoop strain equivalent to 0.2 
per cent strain offset in a tensile test. Therefore the series was 
arbitrarily rated on the basis of the pressure required to produce 
1000-microin-per-in. permanent hoop strain or thread failure, 
whichever occurred first. Test results showing the graphically 
observed pressure to produce 1000-microin-per-in. permanent 
hoop strain, or the pressure to produce thread failure, are tabu- 
lated in Table 3. 

These test pressures were divided by 2 in accordance with 
Equation (11) and tabulated as the ‘uncorrected working pres- 
sure,” Table 3. 

As the test samples were above the minimum dimension and 
yield strength possible within the purchase specifications, the 
“uncorrected working pressure’? was down-graded to allow for 
these minimums and the results tabulated in Table 3 as the 
“corrected working pressure at 70 F.”’ 

As shown, it was concluded that basic working-pressure rating 
of the tubing was 43,500 psi at 70 F (later rounded off to 40,000 
psi). 

Bends were evaluated by comparing the strain in a bend with 
the strain in the straight portion of the same test specimen. 
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Fig. 6 Tubing sample with flanges and metal gaskets 
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Fig. 7 Pressure—hoop strain diagram for tubing sample 8-T, 9/16-in- 
OD X 3/16-in-ID type 4130 alloy steel ; 


Strain gages were cemented to the inside radius, “‘side,”’ and out- 
side radius of bends as shown in Fig. 8, and reference gages 
were cemented to a straight section of the same test specimen. 
Bend specimens were pressurized, strain readings were taken, 
and results were plotted as in Fig. 9. Comparison of the strain 
in the bend with the strain in the straight section showed that 
any difference was insignificant as far as over-all strength of the 
specimen was concerned. Hence bends were rated the same as 
the tubing from which they were made. 

On the basis of these tests, the °/1s-in-OD X 3/;.-in-TD tubing 
series was assigned a working-pressure rating of 40,000 psi at 
70F. 

The check suggested by Siebel was also used. That is, the test 
pressures for specimens 1-T' to 9-T which would give 0.2 per cent 
permanent set at the inner fiber were calculated by Equation (12) 
and tabulated, Table 3. As the average calculated pressure is 
1.5 times the assigned 40,000-psi working pressure, the tubing 
rating is considered safe. 

Fitting Tests. As noted, fittings were tested by comparing their 
behavior under pressure with behavior of the tubing with which 
they were to be used. 

Metal Gaskets. Metal gaskets were assembled into joints and the 
entire assemblies were pressure tested, Fig. 6. In the °/;.-in-OD 
X 3/,-in-ID series of tubing and fittings, it was possible to rup- 
ture the tubing before the joint leaked. In this series, it was evi- 
dent the tubing joint is entirely adequate. Joints for other plant 
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Fig. 9 Pressure—hoop strain diagram for bend made from 9/16 in. OD 
X 3/16, ID type 4130 alloy steel tubing 


tubing sizes were tested similarly and remained tight while pres- 
sured up to two-and-a-half times the rated pressure of the tubing. 
These joints were considered strong enough for plant service. 

Flanges. Flanges were measured to determine if any permanent 
deflection (dishing) took place at the pressure required to fail the 
tubing or joint. Measurements were taken with a depth microme- 
ter before and after testing, ‘see Fig. 10. No measurable change 
could be found; there was no detectable distortion of flange 
threads; and the same flanges were suitable for many subsequent 
tests. 

In flange tests, the maximum test pressure was at least two- 
and-a-half times the assigned working pressure of the tubing. 
It was concluded that the flanges as designed were suitable for 
service at the rated pressure. 
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Fig. 10 Use of depth micrometer to measure “dish” in a flange 


Tees. Tees were pressure tested to 140,000 psi, and strain read- 
ings compared with strain readings on tubing. 

To determine the area and direction of the maximum stress 
in the tee body, a tee coated with Stresscoat brittle lacquer, which 
cracks at threshold limits of stress, was subjected to 100,000 psi. 
As shown by Fig. 11, the concentration of lacquer cracks at the 
junction of run bore and branch bore indicates an area of high 
stress. The crack pattern shows strain gages should be applied 
at an angle of 45 deg to the bores, to measure tensile strain in this 
area. 

Strain gages were applied to two tees. Each had gages on the 
“neck” or cylindrical section near the threads and additional 
gages on the “‘side of the body’’ at 45 deg to the bores, in the 
area showing the maximum number of Stresscoat cracks. Test 
pressure of 140,000 psi was then applied to the tees. 

Test results were plotted as in Fig. 12. In all cases the neck 
sustained more strain than the body, but the maximum neck 
strain was only 400 microin. per in. with 140,000 psi applied. By 
comparison, the °/i.-in-OD X tubing with which the 
tees were used sustained greater hoop strain, approximately 1650 
microin. per in., at an internal pressure of only 95,000 psi. 
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As a test pressure of 140,000 psi is 350 per cent of the assigned 
room-temperature working pressure of 40,000 psi for °/:.-in-OD 
X ‘/i-in-ID tubing, it was concluded that tees as designed 
were suitable for the service. 


Conclusions 


Tubing systems rated by the method described have been in 
plant service at substantially steady pressures for periods up to 
31/, yr, and up to the assigned pressure ratings. During this time 
the only problems with the piping systems have been assignable 
to metallurgical defects which were undetected at the time of in- 
stallation. 

Based on these results, it is believed the method can be used 


with confidence for rating piping systems that operate at steady 
high pressures. 
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APPENDIX 
i Test Equipment, Details. The equipment shown in Fig. 1 was ob- 
be tained from commercial suppliers and assembled by Monsanto 
140 personnel. 
| Equip. 
120 no. Description 
1 Feed tank, !/2-gal capacity 
| 2 Check valve 
'00 "4 t T 3 Shutoff valve 
a Pressure gage, 10,000 psi 
1 2 | | NECK x 5 Rupture disk, 5000 psi 
80 T 6 Hydraulic pump unit, 3 gpm, 
| 2000 psi 
| | 7 Hydraulic check valve 
5 9 Hydraulic 4-way valve, 
If 7) | | | | centered, open center, manua 
11 Intensifier, 200,000 psi 
4 20 | i. 12 Check valves, 200,000 psi 
wi | | | | 13 Manganin cell, 200,000 psi 
i z 14 Let-down valve, manual 
af | A | 15 Pressure gage, 2000 psi 
4 ° 100 200 300 400 500 600 700 16 Catch tank, 1 qt 
STRAIN —MICROINCHES PER INCH 17 Pressure recorder, range 0-100,- 
fies Fig. 12 Pressure-strain diagram for tee 000 and 100,000-200,000 psi 
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Tire Testing 


The use of tire tests for fiber characterization in research programs aimed at the develop- 
ment of improved tire yarns is discussed. Examples are included to demonstrate some 
of the factors which influence tire impact, fatigue, and heat resistance. 


The test results 


can be generally related to specific tire cord properties, thus defining the areas in which 
research should be concentrated. 


introduction 


HE WIDESPREAD ADOPTION of nylon as a tire cord 
‘fiber and the substantial improvements made in the properties 
and performance of both nylon and rayon tire yarns during the 
past 10 years are a direct result of the intensive research and de- 
velopment programs carried out by the tire manufacturers and 
the major fiber producers. One of the factors which have made 
this rapid progress possible has been the increase in basic knowl- 
edge of the ways in which the physical properties of the tire yarn 
are related to the performance of the tire in service; this informa- 
tion is developed continually through the service experience and 
testing programs of the tire manufacturers, as well as the labora- 
‘tory and tire tests carried out by the tire yarn producers to guide 
their research programs. 

Testing carried out by the tire yarn producer has an objective 
somewhat different from that of the tire manufacturer. While 
both need an over-all evaluation of the performance of specific 
tires under a variety of rather rigorous conditions, the fiber pro- 
ducer must make a strong effort to understand what is happening 
to the fiber during the tests and why it performs as it does. 
Armed with this knowledge, he can modify the fiber so that it 
will do a better job. The testing of tires thus becomes primarily 
a method for subjecting the fiber to the kinds of stresses, strains, 
and temperatures it will meet in actual service, and the research 
man observes the extent to which it is damaged. In some cases 
it is possible to make these observations without causing the tire 
to fail; this is preferable for much the same reasons a physician 
would have for preferring diagnosis on a living patient to a post- 
mortem in studying a particular disease. The tire carcass de- 
grades very rapidly after it fails in a dynamic test, and it becomes 
difficult to distinguish cause and effect. 

This paper covers several of the tire test methods used by the 
du Pont Industrial Products Research Laboratory. Of the 
large number of tests in current use, those discussed here were 
chosen because they give some insight into the effects of varying 
three of the most important properties of a tire cord—strength, 
fatigue resistance, and heat resistance. Some data obtained with 
each test are included for illustrative purposes as well as to make 
available a few research results which might be useful to others in 
solving future tire problems. 


Impact Resistance 


The strength of a tire carcass can be calculated readily from the 
cord strength, cord spacing, and number of plies used. It can be 
measured in several ways; however, the one most generally ac- 
cepted in the industry is the plunger test. Here, a cylindrical 
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rod, 1!/, in. in diameter, is forced into the tread area until carcass 
rupture occurs. The energ’’. or product of force and tire deflec- 
tion at rupture, is used as the measure of the rupture resistance of 
the tire. The characterization of tire rupture resistance from the 
calculated or measured carcass strength is, however, open to the 
objection that the maximum strength of a tire in actual service is 
only tested when it strikes some object while moving. This im- 
plies that an impact on a moving tire most nearly reproduces 
the type of failure which is of technical interest. 

One dynamic test in use at the Industrial Products Research 
Laboratory to measure impact resistance involves running the 
tire to failure on an indoor test wheel equipped with a plunger 
which strikes the tire once each revolution. The arrangement is 
shown in Fig. 1. The test wheel has a circumference of 1/300 
mile, so that 1000 miles of running involves 300,000 impacts. 
The plunger has a diameter of 1!!/z in. and is mounted at a 45- 
deg angle to give a radial height at its tip of 23/; in. The tire is 
run at 35 mph with TRA recommended inflation pressure and 115 
per cent of the TRA maximum recommended load. The impacts 
are delivered randomly around the circumference of the tire. In 
order to make certain that no patterning occurs, the tire is with- 
drawn from the wheel for about three seconds each ten minutes; 
this permits the tire speed to change slightly with respect to the 
test wheel, so that the impacts fall in new positions around its 
circumference. 

The crown impact endurance test has been very useful for 
evaluating new or improved fibers, both in comparing the over-all 
tire impact resistance level which can be achieved and in deter- 
mining the denier or cord gage at which the fiber will give optimum 
performance. Fig. 2 is a comparison of the performance of Type 
300 and the newer Type 700 nylon in laboratory-built tires. 
Fabric end count has an important effect, impact resistance in- 
creasing rapidly as the space between cords in the fabric is re- 
duced. The higher level shown for Type 700 nylon is a direct 
result of increased cord strength (8.0 versus 7.5 gpd for Type 
300). The curve for Type 700 turns sharply upward in the 
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neighborhood of 28 epi to indicate that high performance levels 
are achieved at higher end counts, but that there is no longer a 
consistent relationship between impact resistance and fabric con- 
tent of the tire. The tire failures at low end counts are caused by 
cord breakage, but in the high end count tires no cord breaks 
occur, and the eventual destruction of the tire results from separa- 


tion of tread from carcass. Similarly, a series of taxi fleet tests, - 


as well as reports from the tire manufacturers, indicate that im- 
pact failures rarely occur in nylon cord tires. 

An example of the use of this test to establish the optimum 
denier in which a new yarn should be offered is shown in Fig. 3. 
During 1955, the Du Pont Company introduced Type 272 
“Super Cordura,’’ a high tenacity rayon with an oven dry cord 
tenacity of 4.5 gpd, about 15 — 20 per cent above the strength of 
the next strongest rayon available at that time. This was the 
first of the “super-super’’ rayons. The new yarn was evaluated 
as a 1650/2 tire cord with the results shown; a very substantial 
improvement over the previous product was achieved. However, 
it was also shown that still higher impact resistance was obtaina- 
ble if an 1100 denier yarn were used at a higher fabric end count, 
even though the net result was the use of about 15 per cent less 
fiber in the tire. Included for reference is the shaded block at 
the center of Fig. 3 which gives the impact test results of a repre- 
sentative group of commercially available 100 level rayon cord 
tires tested during 1956. This information was passed on to the 
tire manufacturers, and the new yarn has been widely used in 
1100, as well as in the more conventional 1650 denier. In order 
to permit application of the same principles in nylon cord tires, 
nylon is currently being supplied to the tire industry in 720 as 
well as 840 denier. 


Fatigue Resistance 


While the level of fatigue resistance of a given tire cord has been 
recognized for many years as one of its most critical properties, 
the general problem of the nature and causes of fatigue failure in 
tires has been viewed quite differently by different individuals 
and some confusion has resulted. In part, the confusion re- 
flects a lack of precise nomenclature, for a tire ‘fatigue’’ failure 
may take several different forms, and its cause may be quite un- 
related to any fiber failure. For example, tires may fail suddenly 
in service if they are run while seriously overloaded or underin- 
flated, or if they were built with structural weakness in the bead, 
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side wall, or shoulder. In many of these cases the failure has 
been observed to begin as a separation between the cord and the 
rubber, which in turn produces a very high local temperature 
because of friction, so that both the rubber and the cord are 
badly damaged. In a situation such as this the tire cord cannot 
possibly survive, and the remedy must be a change in the tire 
construction, not in the fatigue resistance of the fiber. 

For the purposes of the present discussion, catastrophic tire 
fatigue failures will be neglected, and only the fatigue perfor- 
mance of the tire cord itself will be considered. This fatigue 
process is defined as one which will cause the cord to become 
weakened in service, and it may be subdivided into two classes, 
one (flex fatigue) observed at moderate temperature after re- 
peated flexing, and the other (heat fatigue) observed after the 
cord is subjected to very high temperatures together with a flex- 
ing action. As shown in Fig. 4, the effects of heat fatigue will be 
found in the shoulder of a tire, primarily in the outer plies of a 
truck tire, but to some extent in the fourth ply of a passenger tire 


_ if it is run under conditions which give a very high operating tem- 


perature. The cord loses strength primarily because of reduc- 
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tion in polymer chain length on exposure to high temperatures 
for long periods of time in the presence of oxygen. The term 
“flex fatigue,’’ which refers to the effects on the cord of repeated 
extension and compression at moderate temperature, is observed 
primarily in the first, or inside, ply of the tire side wall. These 
definitions, then, refer only to processes which affect the strength 
of the tire cord in an unfailed tire, and they have the effect of 
progressively weakening the tire carcass. 

The flex fatigue phenomenon was studied carefully several 
years ago, with the results reported in a paper by Williams, Swan- 
son, and the present author [1].!. A study of rayon cords removed 
from tires built and fleet-tested by several tire manufacturers 
showed clearly that cord strength loss in the side wall occurred at 
a rate determined by tire service conditions and cord twist. 

For example, Fig. 5 shows the strength of cords removed from 
two sets of identical tires run at different amounts of overload and 
underinflation. The drop in cord strength is a linear function of 
mileage, and occurred at a more rapid rate in the tire run under 
the more severe conditions. Fig. 6 was taken from the same 
paper. Here, data obtained from the Dunlop Tire Company are 
plotted to show the effect of cord twist on fatigue performance. 
The cords with the lowest twist would appear to have an advan- 
tage if only a new tire were examined, since their strength is 
highest. After 40,000 miles of operation, however, the 13 x 13 
twist cords have the highest strength. Similar effects have been 
observed with cotton, nylon, and a variety of experimental tire 
cord fibers, and this concept of measuring fatigue resistance in 
terms of relative rate of strength loss when the cord is flexed has 
been generally useful. 

Fatigue testing at the Industrial Products Research Laboratory 
is carried out in several types of in-rubber laboratory flex tests, but 
major reliance is placed on the evaluation of cord performance in 
the tire itself. Tires are evaluated in a standardized indoor wheel 
test under the conditions shown in Table 1. 


Table 1 Laboratory wheel flex test 


(35 mph) 
Break-in 
Load as required for 24 per cent static deflection 
Running time, hr Pressure, psi 


2 
1 
1 
Test 
1 Load as required for 21 per cent dynamic deflection at 18- 
psi inflation pressure 


2 Run 3000 miles 
3 Dissect tire, report average cord strength in each ply 


1 Numbers in brackets designate References at end of paper. 
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All testing is carried out on a 67.23-in. diameter wheel, in a room 
controlled at 100 deg F. A break-in period provides for relieving 
internal stresses by running the tire at progressively lower pres- 
sure and increasing deflection as measured by the distance be- 
tween rim and test wheel surface. The final test involves opera- 
tion for 3000 miles at 35 mph and 21 per cent dynamic tire deflec- 
tion. This combination of overload and underinflation accen- 
tuates the flexing of the cord in the side walls, and gives a much 
more rapid drop in cord strength than would be found in normal 
service. A typical result for a nylon cord tire is shown in Fig. 7. 
The maximum strength loss is observed in the first or inside ply, 
and the results are therefore reported in terms of first ply strength 
loss. The inner plies are subjected primarily to compressive 
strains when the tire side wall is deflected, and it may be concluded 
that resistance to strength loss under repeated compressive 
strain is an essential property for tire cord fibers. 

The flex test has been valuable in defining a number of tire con- 
struction variables which influence fatigue performance. Fig. 8 
shows the effect of varying end court in a series of laboratory- 
built tires. There is a consistent trend to greater strength losses 
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as fabric end count is reduced; it is also found that variability be- 
tween individual results becomes greater at very low end counts, 
probably as a result of difficulty in maintaining accurate cord 
spacing in the fabrics. As the curves show, however, fatigue 
performance is adequate throughout the range of 26 to 32 epi for 
the particular twist level and tire design used for these experi- 
ments. 

Another important tire construction variable which influences 
the rate of cord strength loss in tires is the modulus of the rubber 
stock used in the skim coat. Table 2 shows the results of a test in 
which modulus was varied by a factor of two. 


Table 2 Effect of skim stock modulus on cord fatigue 
(T-700 Nylon) 


Low High 
modulus modulus 
stock stock 
Relative modulus 1 2 
Tire flex test 
Strength loss/1000 miles, per cent (first 
ply) 2.0 14.1 
Contained air temperature, deg F 167 214 


The tire containing the standard, low modulus stock gave a cord 
strength loss of only 2 per cent in this case, while the high modulus 
stock resulted in a strength loss of 14 per cent. Similar effects 
can be observed in several types of cord fatigue tests used for high 
spot laboratory evaluation of experimental fibers; apparently 
the stresses applied during cord compression are more severe when 
the cord is embedced in a high modulus, stiff matrix. Another 
factor, also shown in Table 2, is the increased tire temperature 
produced by the high modulus stock. A further test of the effects 
of varying skim rubber, shown in Fig. 9, indicated that skim 
stock thickness is important. When very thin layers of stock 
were used on the individual plies in the tire, strength losses in the 
18 to 19 per cent range were observed. Dissection of these tires 
showed that in some areas the cords had been displaced during 
curing so that actual contact occurred between adjacent plies. 
Apparently, the minimum practical stock thickness is governed 
by the tire manufacturer’s ability to keep a continuous layer of 
insulation between plies. 

While this discussion of fatigue performance has been devoted 
to results obtained in the wheel test, a similar analysis of fiber 
performance may be made by running tires for long distances in a 
fleet test, followed by dissection and measurements of cord 
strength loss. The fleet test, while relatively expensive, has the 
merit of subjecting the tire to the type of service it is expected to 
give the consumer, and turning up any weak points not observed 
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in the laboratory. In addition, treadwear data are routinely ob- 
tained, and when the tire goes through the test without failure it 
can provide a measurement of cord fatigue resistance through the 
strength loss measurement. 

One interesting experiment in which the fleet test was used to 
provide fatigue data is outlined in Table 3 


Table 3. Effect of cord angle on fatigue 


Type 700 nylon 840/2 cords, 12 X 12 twist, 8.00-15 tires, 120 per 
cent overload, 60 mph 


Cord crown Cured end Strength loss, 
angle count, ends Distance one 1 
(cured tire) per inch run, miles %/10, miles 
30 32 12,238 6.1 
37 25 12,372 6.2 
51 21 12,170 18.9 
61 20 8,538 40.0 


* Tire failed; tested cords from undamaged areas. 


Four tires were bui't from the same 32-epi calendered nylon cord 
fabric. The fabric -utting angle was varied over a wide range to 
produce tires with cord crown angles varying from 30 to 61 de- 
grees. This is the »ngle the cord in the crown of the finished tire 
makes with a line drawn circumferentially around the tire. All of 
the tires were tested simultaneously, running the distances shown 
at 120 per cent of the TRA maximum rated load at the recom- 
mended inflation pressure. Low strength loss was obtained in 
the 30 and 37-deg crown angle tires, but very high losses occurred 
at high angles. The measured fabric end counts in the cured tire 
suggest that this well-known dependence of fatigue life on cord 
angle may be primarily an end count effect. From purely geo- 
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metrical reasoning it may be shown that the expansion of a tire 
from the flat drum on which it is built into the toroidal shape im- 
posed by the mold necessarily gives a progréssive reduction in end 
count in the cured tire as the crown angle increases. This would, 
according to Fig. 8, contribute to an increased rate of cord strength 
loss in a flex fatigue test. It should be noted that the cord 
strength loss shown in Table 3 for the 37-deg crown angle tire is 
only 6.2 per cent after 10,000 miles of service at a 20 per cent 
overload. Most commercially available tires, whether built from 
nylon or rayon, lose between 1 and § per cent of their first ply 
strength in this test. Since the outer plies of the tire lose still less 
strength, it may be concluded that the side-wall region of the car- 
cass of a properly designed tire remains very nearly at its de- 
signed strength level throughout the life of its tread. The im- 
portance attached to fatigue is justified primarily by the fact that. 


Transactions of the ASME 


é 
| 
4 
J 
15 
10 
i 
5 
| 
‘ 


some tires will be driven at high speeds while underinflated; a 
large factor of safety must be provided to cover these cases. 


Heat Fatigue 


Heat fatigue, as mentioned earlier, is encountered primarily in 
the shoulder area of tires which run at very high temperatures, 
such as large truck tires used for long-haul service. The same 
effects can be produced for study in the laboratory by running 
passenger tires in the high-speed-endurance wheel test, described 
in Table 4. 


Table 4 High-speed-endurance test conditions 


Test wheel—1/300 mile circumference 
Pressure—TRA recommended 
Load—120 per cent of TRA ‘‘Maximum Recommended”’ 
Ambient temperature—100 deg F 
Break-in 
60 mph, 2 hours 
Test 
75 mph, 3000 miles 
Dissect tire, report average cord strength in each ply 


The tire is run at 120 per cent of its rated load with a speed of 
75 mph for 3000 miles, unless failure occurs at a lower mileage. 
The cords are removed, and their loss in strength measured. 
With either rayon or nylon cords, the strength losses are generally 
small, in the range of 1 to 5 per cent per thousand miles. With 
some experimental fibers, however, large strength losses, of the 
order of 40 per cent, have been observed and the test has been 
valuable in guiding research aimed at improving the fiber’s heat 
resistance. 

In research programs aimed at solving specific performance, 
processing, or economic problems with nylon or rayon cord tires, 
the high-speed endurance test has provided a convenient method 
for evaluating over-all high-speed performance. It is found that 
nylon cord tires normally run the full 3000 miles without failure. 
On the other hand, tires built with rayon cords normally fail to 
complete the full 3000 miles because of tread chunk-out or separa- 
tion. This property of resistance to separation of the tread is 
probably a more important factor in limiting high-speed passen- 
ger tire and truck tire performance than is the heat fatigue resist- 
ance of the cord carcass. 

While the specific property of nylon which enables it to resist 
tread separation is not known with certainty, it seems likely that 
its tendency to contract, rather than expand, when heated is im- 
portant. A number of recent papers [2, 3, 4, 5, 6] have discussed 
the well-known “traction wave,’’ or “standing wave’’ which 
appears just beyond the point where the tread leaves the test 
wheel in high-speed testing. This causes excessive heating and 
eventual separation. With nylon cord tires it has been found that 
the traction wave appears at slightly higher speeds than with 
rayon cord tires. Turner [3] has presented a theory of the traction 
wave which shows that the wheel speed at which it begins will 
depend on the factor ./7/p, where T is the circumferential ten- 
sion and p the tread weight per unit area. The contraction of the 
nylon cord as temperature is raised should have the effect of in- 
creasing 7’, while Wallace and Lippmann [4] have pointed out that 
the tread weight of nylon cord tires is slightly lower than for 
rayon cord tires because of lower fiber content. Both 7 and p, 
therefore, move in the direction of higher speed required to pro- 
duce the traction wave. 

While high-speed tests are applicable to passenger tires, it is 
more in line with service requirements to stress the effects of load 
when evaluating truck tires. The test found most useful, out- 
lined in Table 5, involves progressively increasing overload until a 
separation failure occurs. 

The method is similar to that used by the Bureau of Standards 
and outlined in Federal Specification ZZ-T-38li, but the test 
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adopted at the Industrial Products Research Laboratory is con- 
tinued at increasing loadings to failure, while the Bureau of 
Standards tests require only that the 130 per cent overload re- 
quirement be met. The effect of overloading, as shown,in Fig. 
10, is to increase the tire temperature until, at contained air tem- 
peratures above 250 deg F, separation occurs. Measurements 
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of the tire shoulder temperature show that the rubber and the 
outer plies of tire cord are about 60 degrees hotter than the con- 
tained air, or in the neighborhood of 300 deg F when the tire fails. 
The test results to date, both on commercial truck tires and those 
built for research studies, have shown a consistent superiority for 
the nylon cord tires. Failures have occurred in the 130 to 170 
per cent overload range for nylon, and in the 110 to 130 per cent 
range for rayon cord tires. The nylon cord tires invariably fail by 
separation, with the carcass undamaged, while the rayon cord 
tires fail because of blowouts in the shoulder. 

In the course of developing this test, the data shown in Fig. 11 
were obtained. Here, load was kept constant and the speed was 
varied. Again temperatures increased until failure began to 
occur above 250 deg F, or 55 mph for this particular type of tire. 
If speed and load are combined, as shown in Fig. 12, it is found 
that data from tests in which speed was varied fit the same 
curve as other data from tests in which load was varied. The 
product of speed and load, plotted as the abscissa, is directly pro- 
portional to the power input to the tire, and it is not surprising 
that tire temperature varies directly with power input. This 
relationship provides a characteristic curve for a particular tire 
design which is valuable for assessing the effects of changing tire 
design elements such as the type of cord used in the tire, the cord 
angle, the elastomer, or the number of cord plies in the carcass. 


Summary 


The tire tests discussed here have the common characteristic of 
providing data which measure directly and quantitatively the 


Table 5 Truck tire step-load test 
Wheel speed—40 mph 
Tire pressure—TRA recommended (at 100 deg F) 
Time, hours Load, % of rated load 
90 (break-in) 
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contribution of a given tire cord fiber to tire performance. Ex- 
amples of the use of the crown impact endurance test to evaluate 
the effects of changing cord strength, gage, and fabric end count 
were included. The flex test was shown to provide comparative 
indexes of fiber performance by the direct measurement of 
strength loss produced by repetitive flexing at relatively low 
speeds and temperatures, while the high-speed endurance test 
provides a method for evaluating fibers in high-speed, high-tem- 
perature service. The truck tire test is of value in studying the 
factors which control the rate of heai generation and the load- 
carrying capacity of tires. 
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Nomographic Synthesis of 
Generator Linkages 


Machines are doing more complex jobs; the need grows for simple operation and low 


cost of parts. The generator, or computer, linkage often fills this bill if technical re- 
quirements can be met by good methods for practical design. This article presents a 
graphical technique for optimizing generator-linkage design by systematic scanning of 
five linkage parameters. A nomograph of linkage behavior, simplified through sym- 
metry of quadrilateral relationships, fixes the optimum linkage as a rectilinear, hort- 


Background of the Problem 


q FOUR BARS are pinned tail to head to form a 
closed quadrilateral figure and one bar is held fast, the remaining 
three form with it a mechanism with a single degree of freedom. 
This is a “four-bar linkage’ whose generality and simiplicity are 
basic and warrant study of its properties. These properties are 
numerous, diversified, useful. Unfortunately, the basic kine- 
matic and quadrilateral relationships underlying them have thus 
far failed to be placed in simple form. 

Fig. 1 shows the terminology and lettering that will be used for 
the respective linkage members in this chapter. Input and out- 
put angles A and B also appear showing that the base angle of one 
crank is a function of the base angle of the other crank for any 
position in the linkage. 

Fig. 2 shows that if angles A and B are started from certain 
positions A», By of the linkage rather than from the base line, and 
that if units a, 8 of the variation are other than degrees, then a 
different functional relation between the variables will occur from 
that for Fig. 1. As @ varies from a to @,, B varies from By to B,. 
One defines a, — a@ = Aa, B, — Bo = AB, A, — Ao = AA, 
B, — Bo = AB and observes that AA = Aa-u,y, AB = AB- ug. 
For the same linkage, the functional relation 8B = B(a@) will 
vary if any of the quantities AA, AB, Ao, or Bo are varied. For 
a similar linkage, that is, a larger or smaller one but 
with the same ratios for the arms a/d, b/d, c/d, this linkage fune- 
tion 8 = B(a) will not change. If the linkage is varied by varying 
one of these ratios, the new linkage function will change. One 
can think of 8B as being generated or computed at every instant from 
a by means of the linkage. 

It is clear, Fig. 4, conversely that every function 8 = B(q@) can 
be re-expressed in the natural units A and B (usually degrees). 
Given AA and AB, the first step in the nomographic synthesis of a 
computer linkage is to express the desired functional relation in 
terms of A and B units. In the following discussion it will be as- 
sumed that this has been done, as indicated in Fig. 4. Once the 
problem has been solved in A and B units, it is easy enough to 
describe in and 

When a functional relation between 8 and a is given, the ques- 
tion is whether a linkage exists which will generate 8 from @ as 
described and how it can be found. Seven parameters are availa- 
ble, a/d, b/d, c/d, AA, AB, Ao, and Bo, being a possible set. This 
large number explains the enormous variation possible in com- 
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zontal plot from which a measure of the error is available. 


b, crank 


a, crank output 


ad, dase 


Fig. 1 Basic linkage nomenclature 
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Fig. 2 Linkage nomenclature used in this article 


puter linkage functional behavior and why hope is always so 
strong that just the right one can be found. Actually, there is 
more freedom with seven parameters than is helpful—this is too 
much of a good thing—so that AA and AB are usually fixed at 
values which will be useful for other purposes, AA = AB = 90 
deg being a common pair of practical values. Hence we are 
concerned in this article with a practical graphical method for 
synthesizing a linkage to compute any function 8 = 8 (qa) through 
optimum determination of the values of the five parameters a/d, 
b/d, c/d, Ao, and By. AA and AB will have fixed values chosen 
for general utility in the rest of the problem. 


Using the Symmetry of the Four-Bar Quadrilateral Figure 


The symmetry of the roles of the cranks a and 5, of the con- 
necting rod c and base d, and of corresponding angles, which 
appeals to the observer quite soon, can be drawn upon in a num- 
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Fig. 3 Angles B, and B, will be used to develop symmetry relations of 
the quadrilateral 


ber of ways one of which is based upon Fig. 3, where angle B now 
is split into two parts about the quadrilateral diagonal g.1 Equa- 
tions (1) to (4) follow immediately from the law of cosines, and 
equations (5) through (13) make possible a symmetry of forms 
which the remaining equations develop. The equations are 
given in full because frequent reference to them makes the chart 
easier to understand. 


cos B, = 


g? + b? — c? 
cos B, = 
2bg 


B = B, + B, = B(A) (4) 
Let 


1 It is not easy to express the geometry of the relationships between 
the quantities which interest us in the quadrilateral in a way which 
draws upon the symmetry of the figure but this has been done very 
skillfully by Antonin Svoboda in his treatment of linkages [1].2. The 
parameters in terms of which he couches these relationships are the 
same ones used in this article. Svoboda then puts these symmetric 
relations into nomographic form but in a way that seems very dif- 
ficult indeed to use. The present article employs the same parameters 
nomographically but in such a way that use of the diagram is simpler 
and more effective. It also suggests a parallel computer program 
which is currently being carried out. 

2 Numbers in brackets designate References at end of paper. 


Fig.4 The function 8 = 8a) is shown here reduced 
to a function B = B(A). In this example, AA = 90°, 4B 
AB = 135°. Ten stations A; have been chosen, uni- 

formly spaced in A. To these correspond 10 stati 

B; functionally spaced in B. These are the values B; 

used in equation (32) and recorded on the strip. 
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This yields the result: 


cosA = cosh 


{= — (1 + 
2e” 


2, - 
= — cosh 


em: — (1 + 


~ — cosh 
The symmetry is now complete, for: 
Let 


— cosh 


Gp, b) = 


cos A = 
—G(b, Pi) 
cos By = —G(bs, p») 


(25) 
cos By = (26) 
(27) 
cos B = —G(b, p) 


B=>180-—A 


(28) 
(29) 


=~ 180 —B (30) 


Equations (24) to (30) tell us that p and 6b are very useful 
parameters for, if used as abscissa and ordinate, Fig. 8, families 
of A and B,-curves can be plotted which have the property that 
if the p, 6 co-ordinates of an A-curve are interchanged to become 
b, p co-ordinates, the resulting plot is that of a B,-curve of value 
180° — A. The converse is true. (This interchange of b and p 
is a reflection in the 45-deg ray.) Hence only one set of curves of 
form (25) or (28) need be plotted. By (25), for any assumed value 
of bi, a range of A-values implies a range of p-values. These in 
turn, by (26), imply a set of B,-values. On the nomograph, B,- 
curves are plotted on p, 6 axes from (26), and these curves are at 
the same time A-curves(A = 180° — B) onb, paxes. Since cos A 
= cos (—A), cos B = cos (—B), these curves serve simultane- 
ously for positive and negative A and B-values. 

The following steps are basic: Using an overlay Fig. 5, an 
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Fig. 5 First steps in use of the best-phase comparison nomogram 


assumed b, is accordingly plotted as both an abscissa and an ordi- 
nate, points where A-curves cut this b,-ordinate are transferred to 
the b,-abscissa at 45 deg, thereby interchanging 6; and p; and 
identifying at the new point on the abscissa the corresponding 
B,-curves of (26). On the overlay a complete series of ordinates is 
erected at these new points along the abscissa of assumed value 
b, and each ordinate line is given the value of A that gave rise to 
it, from A = Oto A = 180. We have now used the fact that the 
curves serve as both A and B-curves. It will not be necessary to 
do this again until we assume a different value of 5. 


Ordered Assumption of Parameter Values 


The overlay is now moved to the right or left. By (9), this is 
equivalent to assuming a value for h equal to the magnitude of this 
shift. A value is now assumed for Ag, at the start preferably some 
multiple of 10 deg, which identifies the beginning and hence all of 
the limited number of values A; within the range AA which we 
shall use as long as Ao retains this value. 

If we now imagine that we are synthesizing a function which 
came from a true computer linkage, then from Figs. 2 and 3 


Bi; + Bay = Bo + B; (31) 


Boj = Bo + B; — Bi; (32) 


The values of B; are those functional values (Fig. 4) corresponding 
to A-values just determined; they are known because the assumed 
linkage function in question is known (Fig. 4). Lastly, we assume 
By. Then the left-hand side of (32) can be computed for each of 
the A j-values, that is, for each of the ordinates erected. But this 
also determines the left-hand side of (27), and, if the assumed h 
and }; are correct, determines the same by for all Bz-values. Hence, 
when these B-values are plotted, Fig. 6, they should fall along 
a horizontal abscissa value, namely, b2. Any departure from such 
a constant b.-value is a measure of the departure of the function from 
true linkage behavior. 


Generator Linkage Synthesis by Nomograph 


The five parameters cited earlier permitting the variation of the 
computer linkage have now been replaced by b2 and },, h, Ao, and 
Bo. The synthesis process consists of an orderly scanning of the 
last four variables to find values of them consistent with the given 
function and at the same time representing linkage behavior. 
They are scanned in the inverse order, Bo, Ao, h, b; with the inten- 
tion of making 5, as straight and horizontal as possible. 


Follow these steps: 
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Note: The nomograph has been adapted to logs 
to the base 10. 


(1) Assume a value of b}. Draw an abscissa and an ordinate 
with this value, Fig. 5, (1). 

(2) Regarding the chart curves as A-curves, carry the intersec- 
tions of the b,-ordinate with these curves (every 10 deg in A) 
at 45 deg down onto the b,-abscissa, Fig. 5, (2). Erect ordinates 
at these new points on this abscissa and label each ordinate with 
its corresponding A-value, Fig. 5, (3). Record B,-values at these 
new points on a strip (see Nore above), Fig. 5, (4). 

(3) Mark the co-ordinate axes fully on the overlay. Assume a 
value for h and shift the overlay right or left until the ordinate 


(nomogram) + 
| 
| 7 bd (overlay) 
| 
| 
| 
| 
B, .=B_+B,<B 
1 2 
ft 25 (3) 
4 
! 
2 
| 
| 
| (1) 
Ay 
Fig. 6 Later steps in the use of the best-phase parison gram 


axis reads this assumed value h on the underlying abscissa axis 
of the nomograph, Fig. 6, (1). 

(4) Assume a value for Ay. Following (32), compute By, for each 
of the values A; of the A range, AA (every 10 deg). To do 
this, on’ the right side of (32), the B,-values of the B-curves are 
those at the feet of the A-ordinates found in step (2), Fig. 5, (4). 
The B;-values are those of the desired function at the A ,-values. 
Assume a value for By and compute all B.-values. 

(5) Plot the B.-values on their respective ordinates, Fig. 6, (2). 
If the function can be represented perfectly by computer linkage 
behavior and 7f the assumed values of b;, h, Ao, and Bo were the right 
ones for this purpose then there exists a b2 for this linkage, Fig. 
6,(2). By (27), every ps = (p: +h), and B, implies this same by. 
Consequently the plot of B2 for the various A’s as arrived at is a 
horizontal straight line at that level b = bo. 

(6) If the plotted B.-values do not lie on a horizontal line, it is 
because (a) the function cannot be represented by computer link- 
age behavior, or (6) the proper values of the parameters have not 
been found. 

If, on scanning the values of b,, h, Ao, and Bo, no set can be 
found which yields a horizontal, straight b. plot, then the straight- 
est one obtainable represents the best approximation possible 
under this method by computer linkage. Departure from a 
horizontal straight line is a measure of the error. 

Nore: In Step (4), equation (32), the B.’s are computed 
algebraically, Fig. 9. Values of A from A = 0 to A = 180, and 
A = —180 to A = 0 are recorded on a strip and the values of 
B,; obtained from the chart, Fig. 5, (4), recorded underneath 
them. After h; Ao is now assumed, thereby identifying the par- 
ticular set A; and B,; upon the strip. On a page the B; can now 
be recorded underneath the B,;. Finally Bo is assumed, the left- 
hand sum of (32) computed and the resulting B,, plotted and ex- 
amined for horizontalness, Figs. 9, 10. 


bi = 0.150 
h=-0.100 
A.= 40° 
B.= 100° 
be= 0.266 
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Broad Scanning 


Because of the independence of the five parameters chosen, 
scanning in any one of them produces a ‘‘best-phase”’ result when 
that parameter passes near an optimum value even though the 
others are far from their own best values at that time. If, in 
early scanning, a line joining the end 6,’s lies at a steep angle, no 
optimum condition occurs nearby. With continued scanning, 
however, these end points level out and it is advisable to plot the 


0.7 


function for every 30 deg and to observe the intermediate be- 
havior as well. Although the b2 function will not “level out’’ per- 
fectly at this early stage, there will occur somewhere a pattern of 
points indicating clearly that an optimum value of Bo has oc- 
curred there. See example, for By = 100 deg, Fig. 11(a). This 
comparison identifies the best phase for the variable at this stage. 

Scanning in Ao now follows with similar results. Comparison 
starts with the best phase for By just found and yields a best 
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phase for Ao, then for A, and finally for b;. Even an inexperienced 
scanner moves steadily toward an improved synthesis, ending with 
good values for all five parameters. 


Refined Scanning—Critique of the Method 

The process can now be repeated on a new graph with the same 
curves but exaggerated vertical scale. Tables of co-ordinates for 
plotting the curves have been prepared for this purpose. All ten 
stations should now be used. According to Chebychev [2], op- 
timum synthesis implies a number of precision (or agreement) 
points equal to the number of parameters. Since this number is 
five, as scanning improves it will be expected that the b. solution 
curve will oscillate across the optimum 6,-value it defines. Some 
evidences of oscillation are often recognizable at an early stage 
and then are obscured as straightening progresses. They should 
reappear under refined scanning using an exaggerated vertical 
scale. 

Any method which can synthesize a linkage to generate a de- 
sired function will be very useful in today’s mechanical world. 
Several approaches to doing this employ a number of precision 
points, or points of specific agreement, where coincidence of the 
desired and the generated function is stipulated. It is sometimes 
convenient to be able to stipulate where these shall lie, but un- 
fortunately such locations do not necessarily optimize the over-all 
generating. Optimizing the fit, to refer again to Chebychev [2], 
does imply a corresponding number of precision points but does 
not state where they will occur, so unless such a specification is 
required by the problem it would seem indirect to give them first 
and then develop an optimizing technique based upon varying 
them [8]. The present method develops over-all optimization 
from the start. 

Example 1. A four-bar linkage is shown in Fig.7. This gen- 
erates a function 8 = 6(a@) and its corresponding function B = 
B(A), using values for Ao, Bo, AA, AB listed there. We wish to 
show first that our nomographic chart for linkage behavior really 
works by demonstrating that, when the proper constants 6;, h, Ao, 
By are used as described, the function B = B(A) produces values 
of by which all lie on the same horizontal line on thenomograph. We 
shall assume the right values for these parameters successively 
and show that 6)-values turn out correctly to lie on a horizontal 
line. 

In Fig. 8, we assume 6; = 0.15 the correct value as given in 
Fig. 7. We draw an ordinate and an abscissa b; = 0.15. Re- 
garding the nomograph curves as A-curves, the spectrum of 
points where they cut the ordinate b; = 0.15 is transferred on 45- 
deg rays to the abscissa b, = 0.15. A spectrum of ordinates is 
erected at these new points and the original A-values ascribed 
to' them. Regarding the nomograph curves as B-curves, their 
values at these new points B,; are recorded in correspondence 
with the respective A-values, Fig. 9. 

Next we assume h = —0.10 the correct value as given in Fig. 7. 
This is effected in Fig. 8 by moving the overlay 0.10 units to the 
left, so that the spectrum of A-ordinates just obtained is now dis- 
placed by that amount to the left. 
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Next we assume Ay = 40 the correct value, so that we shall 
be concerned in Fig. 8 only with the range in A from A = 40 to 
A = 130, see Fig. 9. In Fig. 10, we now use this range of A- 
values, and the corresponding B,; values from Fig. 9. We also 
record the given function values of B; of Fig. 7 for the 10 stations 
in Fig. 10. 

Lastly, we assume By = 100 the correct value. The B2; values 


from equation (32) can now be computed algebraically, Fig. 10, 
and plotted on the spectrum of A-lines in the present position, Fig. 
8. They will all be found to lie on the horizontal straight line 
be = 0.266. The nomograph has worked properly for this ex- 
ample. 

Example 2. We propose now to show how the scanning process 
leads to this same correct result. We shall assume arbitrarily that 
the five parameters are each initially zero. We scan in the 
reverse order—Bo, Ao, h, bi, testing be as we go along. 

With b, = 0.00, we find the corresponding B,;, Fig. 12. 

Scanning in Bo, Fig. 11(a), Fig. 13, we note that, for By = 0, 30, 


} 
6 8 88 b 100 105 120 | 135 168 By 
| 
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Fig. 10 
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60, the end points of the range determine a line so steep that no 
optimum can be near. But the slope is approaching zero. Hence 
we plot four stations for B = 90, 120 and note that, between 
thein, a best phase has been passed through. It is reasonable to 
assume here that at about By = 100 deg, the points could have 
lain so that the sum of their distances (without regard to sign) 
from some horizontal line would have been a minimum. We call 
this sum the residue. It is not necessary to draw the figure for 
hat position at this time—it can be imagined. 


Scanning in By 


J | 


— —— — — Scanning in A 
| | 


Scanning in h 


Scanning in Ao, Fig. 11(a), Figs. 13, 14, 15, 16, Ao = 30 lowers 
the residue, but Ay = 60 raises it. Ag = 40 is assumed to be a 
good compromise at this stage and is plotted. 

Scanning in h, Fig. 11(a). Present computations merely have 
to be replotted after a sidewise shift of the overlay. By assuming 
h = 0.1 we raise the residue; h —0.1 lowers it; h = —0.2 
causes it to rise again. 

Scanning in b,, Figs. 11(a, 6, c), Figs. 12, 15, 17, 18. Letting 
b, = 0.10 markedly lowers the residue. 6, = 0.20 has about the 


A 150 


Fig.11(a) Best-phase comparison develop 


t for the functi 


of Fig. 7. b, = 0.00 has been assumed. 


fo 


90 60 300 
Results are: By = 100, Ay = 40, h = —0.1 


120 


Fig. 11(bandc) Accepting the results of Fig. 11(a), one assumes perhaps b; = 0.10. The improvement warrants assumption b; = 0.20, whose graph 


indicates that a best phase has been passed in between these two values. 
the linkage synthesis. 
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The working value of b; will be taken at b; = 0.15 for further refinement of 
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same residue but bows the graph the other way. A value b = 0.15 
is thus deduced at this stage. 
: serset : : Further more careful scanning or refined scanning is now 
Fig. 14 Example 3. Fig. 19 presents the data of a desired linkage. 
Fig. 20 is a drawing of this linkage. Fig. 21(a) shows that the 
perfect solution for Fig. 20 would indeed present a horizontal 
graph for hb. in the nomogram when the perfect values for bi, h, 
m0 | 22 «190 Ao, and By (as listed on the figure) are used there. Fig. 21(b) 
; “si shows how quickly a good synthesis is arrived at for an assumed 
+ value of b, = 0.050. 
4 Many properties of the nomograph and this technique are use- 
| ful, of which a few examples must suffice. 
2 22 Tt 62 ; (1) The form in Fig. 9 is useful because it permits direct copy- 
pram Dene Ln Goren ing of B,-values listed here onto the top of a short sheet, like Fig. 
se 222 =172 | 10, because the spaces match. Further, the A’s customarily pass 
beyond 180 deg into negative values, which can be recorded up- 
side down on ‘he under side of this long strip which can then be 


ee 


Assumed b, = 0.0 A° starts at 40° A Direction + 


Fig. 15 
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Assumed by = 0.20 A® starts at 40° 
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Use the ten natural stations, Solution where both A 
and B are turning clockwise is desired. 


Fig. 19 
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used for these values as it was for the positive values. Where 
these forms have been used later, only the spaces actually filled 
in have been shown. 

(2) If crank b is taken as unity, b: = logic. Departure of the 
best solution from a horizontal fine now indicates clearly how 
much too long or too short the connecting rod is at any position 
to yield perfect linkage behavior. 

(3) A computer program for optimizing linkage generating of 
a desired function is strongly suggested by the form of this 
nomograph. Such a program is currently in progress. 

(4) The nomogram, plotted in single degrees, is available at 
this time by writing the author. It is free of charge as long as the 
supply lasts. A large improved form is in preparation. 

Nore ON THE NOMOGRAPH. Fig. 8 shows an early version of 
the nomograph sufficient for plotting the results shown there but 
clearly insufficient to produce close practical results. The diagram 
now in use is twice this size and has an A and B-curve for every 
degree. It would be blurred if reproduced on the ordinary 
printed page. As stated earlier, tabulated co-ordinates permit 
any portion of it to be enlarged vertically to any practical de- 
gree to permit refined scanning. 
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DISCUSSION 
Ferdinand Freudenstein® 


The author is to be commended for developing and simplifying 
the nomographic techniques of Antonin Svoboda. Three ques- 
tions occur to the discusser: 


1 Does the scanning process lead ultimately to five precision 
points or is there no committment with respect to this number? 

2 What is the accuracy generally obtainable by this method in 
terms of degrees output motion with or without the use of en- 
larged nomographs especially constructed for the problem as 
mentioned on the concluding page of the paper? 

3 How long does it take to synthesize a computing linkage by 
this method? 


It is hoped that the author will be encouraged to apply his 
knowledge to further the development of the nomographic tech- 
niques which appear to be as yet imperfectly developed in the 
field of mechanisms and in the application of which he has 
demonstrated his talent in the present investigation. 


Thomas P. Goodman‘ 


The most tantalizing aspect of kinematic synthesis is the fact 
that even in the linkages which are simplest mechanically, the 
functional relationships between input and output are quite com- 
plicated mathematically. This mathematical complexity arises 
froma the trigonometric functions which must be used to express 
the relationships among linkage variables. By the introduction 
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of a nomogram which is essentially a nondimensionalized, 
logarithmic graph of the Law of Cosines, the author has succeeded 
in eliminating much of this mathematical complexity. For this 
service he deserves the warm thanks of his kinematic colleagues. 

The universality of this nomogram makes it applicable to 
many other kinematic problems not discussed in the paper, as 
well as to many other trigonometric problems which have no 
connection with kinematics. Some kinematic extensions which 
have occurred to the writer are the following: 


1 The nomogram can be used to obtain the error in output 
angle of a linkage designed according to the author’s procedure. 
As the author mentions at the end of the paper, the significance 
of the horizontal line which is the goal of the trial-and-error pro- 
cedure is that it indicates that the desired input-output relation- 
ship can be mechanized by a linkage having a rigid connecting rod 
c of constant length. We might think of the connecting rod as 
being made of rubber during the design procedure, with the goal 
of the design procedure being to find a linkage such that the de- 
sired functional relationship can still be matched when the ex- 
tensible rubber connecting rod is replaced by a rigid steel rod. 
The error in output angle resulting when the rubber rod is re- 
placed by the steel rod at the end of the design procedure can be 
obtained from the nomogram by (a) drawing in the horizontal by- 
line corresponding to the fixed length chosen for the steel connect- 
ing rod, and (b) measuring the vertical departure from this line of 
the final B, -line for the linkage (Fig. 11) along each vertical p.- 
line. Along each of these vertical lines, the vertical deviation 
can be compared with the distance between B,-intercepts for one- 
degree intervals of B: to give the error in Bz, which is the same as 
the error in the total output angle B. 

2 The nomogram can be used to plot the transmission angle u 
(the angle between links b and c), since it can be readily shown 
that cos 4 = G(p2, b2). (The transmission angle for a link mecha- 
nism is the complement of the pressure angle as usually defined for 
cams.) 

3 The nomogram could be used for designing a linkage having 
a desired relationship between the input angle A and some other 
angle in the linkage such as uw. This problem could arise if a 
torsion spring between links b and ¢ were used to counterbalance 
a weight attached to input crank a. The same problem has been 
treated by another method by K. Hain.* 

4 The nomogram could be used to design a linkage having a 
desired relationship between the input angle A and the length of a 
line joining arbitrary points on any two links. This problem 
could arise in the design of a tension or compression spring for 
counterbalancing a weight attached to input crank a. 

5 The nomogram could be used for approximate synthesis of a 
slider-crank linkage having a prescribed relationship between 
slider displacement and crank angle, or between any two angles 
in the linkage. It could also be used to compute these relation- 
ships for a linkage of prescribed dimensions. 


It is encouraging to hear that the author is using the form of 
the nomogram as the basis for a computer program. Such a 
program should enhance the usefulness of the author’s technique, 
and extensions of the paper such as those referred to in the fore- 
going could readily be included in it. 

The author’s method of reaching an optimum linkage by 
scanning in the various linkage parameters provides an interesting 
alternative to Freudenstein’s method of solving for the optimum 
parameters on the basis of precision points in the input-output 
relationship. In many practical linkage design problems, where 
the linkage parameters are restricted in their values, the author’s 


°K, Hain, “‘Drag-Link Mechanism,” Machine Design, vol. 30, 1958, 
pp. 104-113. 

¢K. Hain, ‘Diagonalwinkel-Zuordnungen im Gelenkviereck,”’ 
Ingenieur-Archiv, vol. 25, 1957, pp. 193-200. 
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procedure may have an advantage. It is possible, however, that 
scanning in each parameter, in turn, may result in a “local’’ opti- 
mum rather than an over-all optimum in the linkage design. The 
scanning procedure is nevertheless a useful device for exploring 
the possibilities of a linkage solution which must satisfy several 
design requirements. 

The scanning procedure is applicable not only to digital and 
nomographic design methods but to analog design methods as 
well. It is the writer’s feeling that, with the recent advances in 
digital and nomographic computing techniques, the analog com- 
puting technique should still be kept in proper perspective. For 
a linkage, the analog method of scanning is extraordinarily 
simple, since it involves merely using a scale model of the linkage 
itself to plot its own input-output curves. Thus linkages of any 
complexity can be investigated with equal ease. Such a device, 
using gears attached to the input and output cranks, was de- 
veloped by Prof. Rudolf Beyer in Germany in 1932.7 An 
adaptation using potentiometers attached to the input and 
output cranks, so that the input-output curve can be plotted 
electrically on an X-Y plotter, is now being developed in the 
writer’s laboratory and will be used in the summer of 1959 for a 
design study of one of the critical mechanical linkages for a new 
jet-aircraft engine. With such an analog device, scanning con- 
sists merely in varying the link dimensions and turning the input 
crank to plot the results. 


Author's Closure 


Professor Freudenstein’s questions deal with points of natural 
theoretical and practical interest. The answer to No. 1 is some- 
what vague in that I assume that the scanning process leads 
ultimately to five precision (agreement) points but I certainly 
made no commitment to this number. The solution curve, in 
straightening itself out by this method, tends to obscure the pre- 
cision points so that the more perfect the solution the harder it is 
to find any of these points. Refined scanning on an exaggerated 
vertical scale might disclose these but extensive experience is 
lacking in such scanning. 

On question No. 2, the accuracy generally obtainable in terms 
of degrees of output motion using only the present nomogram 
tends to be in the order of a degree or so if I understand the ques- 
tion correctly. By this I mean that diligent students appear to 
have been able to get solutions which never depart more than a 
degree from what they want and are usually well under this. 

With respect to question No. 3, the method is not a short one 
for the beginner although it would not seem to be longer than 
Svoboda’s corresponding method. However, as soon as the 
proceedure is well understood, that is, in the later aspects of the 
student’s first solution, the stages go quite rapidly. Experienced 
and skilled treatment of a conventional case appears to yield a 
good answer within an hour or two. Refined scanning would 
take longer. 

With characteristic penetration, Dr. Goodman’s discussion has 
hit upon many interesting features of the nomogram. The 
author compliments Svoboda, not himself, for eliminating much 
of the mathematical complexity of linkage behavior but feels that 
the nomographic approach presented in the paper eliminates 
much of the graphical complexity. The nomographic form has 
used the mathematical symmetry, so skillfully developed by 
Svoboda, to permit graphically a single family of curves rather 
than a double family to represent linkage behavior. It compares 
each behavior curve with an optimum horizontal line, which 
would surely appear more practical than comparison of the subtle 
curves arising under Svoboda. Use No. 2 of Dr. Goodman will be 


7 R. Beyer, ‘Ein never Zeichenapparat zur Synthese der Koppel- 
triebe,”” Reuleauz-Mitteilungen, vol. 2, 1934, p. 16; K. Hain, Ange- 
wandte Getriebelehre, Hermann Schroedel Verlag, Hannover, Germany, 
1952, pp. 204-205. 
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seen to be justified because a comparison in Fig. 3 of the comple- 
ment of angle A and the pressure angle between c and b shows 
that the cosine formula for the latter angle is obtained from that 
of the former by replacing a by c andd by b. On comparison of 
equations (5) and (8) with (6) and (9), respectively, it will be seen 
that this replacement changes G(P;,B,) to G(P2,B.). The other 
suggestions for using the nomogram should prove useful and are 
typical of the diversified applications of a general device. 

Dr. Goodman’s comment that the optimizing process as so 
described may lead to a “‘local’’ optimum rather than an over-all 
optimum is clearly well taken. Here it should be noticed, how- 
ever, that scanning which starts from the origin looks toward a 
solution in which linkage members have a good chance of being 
of comparable size. Such a solution, even if local, might be 
superior in practice to one which was more accurate but less 
practical. Correspondingly, where special ratios of members 
were desirable, such a solution should be encouraged by use of a 
starting point conducive to this result. Little seems to be known 
about the existence or distribution of comparably optimized solu- 
tions. It is possible that a careful use of computer programs, 
perhaps a program of computer programs, can show whether or 
not solutions tend to become “locally optimized’? under higher 
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optimization or whether there always is a unique, perfect optimum 
continuously available from all parts of the domain which can 
always be sensibly sought out and identified by a good program. 

The mathematical complexity of linkage relationships referred 
to by Dr. Goodman holds no terrors for the modern computing 
machine. Either graphical or analytical synthesis of linkages can 
now be pursued, especially more elaborate and effective graphical 
techniques. Svoboda’s tables for the variables in his diagrams 
could probably have been derived only with such help and, in 
inverse form, were used for this paper. Pertinent to Professor 
Freudenstein’s question No. 2 on accuracy, an enlarged chart for 
the present method was clearly desirable. The author neglected 
to mention in the original article that the computations for this 
were programmed and the curves plotted large scale in tape by 
Fred W. Berg. The optimizing program referred to there is also 
Mr. Berg’s, both constituting his Master’s thesis. It was on 
such a diagram that the accuracy referred to in reply to Pro- 
fessor Freudenstein was obtained. 


8 Fred W. Berg, ‘‘Four-Bar Complete Linkage Synthesis by Means 
of a Programmed Digital Computer,’’? SM thesis, Department of 


Mechanical Engineering, Massachusetts Institute of Technology, 
Cambridge, Mass., 1959. 
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The Effect of Presetting 


T. J. ATTERBURY? 
W. B. DIBOLL, JR.’ 


Helical Compression Springs 


A procedure for predicting the increase in fatigue load carrying capacity due to pre- 


setting helical springs is developed, based on the actual stress-strain curve of a material. 
Reasonable correlation with experimental results is obtained. For the cyclic load con- 
ditions and the material chosen, an increase in load carrying capacity of 21 per cent was 
observed. It is expected that an increase of approximately 40 per cent could be realized 
with slight modification of fabrication techniques. 


Introduction 


N THIS sTUDY the application of the principle of 
cold presetting was made to round wire helical compression 
springs. Presetting was accomplished by loading the spring be- 
tween parallel plates until yielding produced permanent set in the 
spring. 

The primary purpose of the investigation was to develop a 
method which can be used by designers to predict the increase in 
resistance to fatigue of springs due to presetting, for specific de- 
sign applications. The application of this method was applied 
to a particular material in a typical design situation and re- 
sistance to fatigue was compared with that predicted. 

The basic concept indicating the feasibility of spring presetting 
is presented by A. M. Wahl [1].4 The study was undertaken be- 
cause even small improvements in endurance of helical springs 
may be of great value in some applications. 


Cold Presetting Theory 


This treatment depends on the following idealizations pertain. 
ing to spring material and loading: 


1 That both the initial static overload and service loads have 
the same internal effect as if they were applied at the center line 
of the spring. The theory, however, will be altered to compensate 
for the effect of nonparallel end turns due to prestressing. 


1 This paper is based in part on an unpublished thesis submitted in 
partial fulfillment of the requirements for the Master of Science De- 
gree at Washington University, June, 1956. 

?Formerly, Instructor of Mechanical Engineering, Washington 
University. Presently, Project Leader, Applied Mechanics, Battelle 
Memorial Institute, Columbus, Ohio. Assoc. Mem. ASME. 

3 Lecturer in Mechanical Engineering, Washington University, St. 
Louis, Mo. Mem. ASME. 

* Numbers in brackets designate References at end of paper. 

Contributed by the Machine Design Division and presented at 
the Semi-Annual Meeting, St. Louis, Mo., June 14-18, 1959, of THe 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Nots: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, November 
14, 1958. Paper No. 59—SA-12. 


2 That direct shear and curvature effects are small in com- 
parison with the magnitude of torsional stress. 

3 That the material has a linear stress-strain relationship 
upon unloading after having been loaded beyond the yield point. 

4 That the residual stresses resulting from the cold winding 
process of manufacture of springs do not affect the torsional 
problem. 

5 That the helix angle is small, so that its effect can be 
neglected. 


A short length of the spring wire, Fig. 1, has been removed from 
a spring loaded beyond the elastic limit. It has been rotated 
through an angle from its undeflected state. 

The deformation A of the spring material a distance p from 
the center of twist (at the center of wire by Assumption 2) is 


A = pdé 
The shearing strain y is A/dl, so that 
(1) 


If an experimental stress-strain curve has been determined for 
the material under consideration, then it can be said that 


tT = f(y) 


ag 


x 


Fig. 1 Element of spring wire 


Nomenclature 


applied compressive load 

mean coil radius of the spring 

torsional shearing stress 

torsional shearing strain 

wire radius 

distance from center of twist to any 
element in a plane perpendicular 
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to wire center line 

angle of twist of one end of active 
spring length relative to the 
other 


= torsional moment 


vertical deflection of the spring 
shearing deformation 


Subscripts 


maximum value of stress, strain, or 
deformation 

maximum residual stress 

triangular stress distribution 

value of strain, deformation, or 
stress at the yield strength 
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P = 
| R « = m= 

6 = y= 
A= 

tie 


Fig. 2 Stress distribution in spring wire 


can be expressed by 


T = f(p)d0/dl (3) 


by substitution of Equation (1) into Equation (2). 
Hence the stress distribution over a cross section of a spring 
loaded beyond the yield point must have approximately the same 
shape as the stress-strain curve. The idealized stress distribution 
then would be as sketched in Fig. 2. 
The stresses oppose the externally applied moment, M = PR, 
sO 


M = fi prdA (4) 


If the spring is unloaded as prescribed in Assumption 3, the 
unloading stress can be described as having a triangular distribu- 
tion as indicated in Fig. 3. 

This triangular distribution produces a moment about the cen- 
ter of twist computed by the elementary torsion formula: 


M = (5) 
At the maximum load then the moment produced by the 
actual stress distribution of loading must be equal to the moment 
produced by the triangular distribution of unloading. By equat- 


ing (4) and (5): 
4 Tr 
tnt = p*rdp (6) 


The residual stress after all external load has been removed 
must be the difference between the stress distribution on loading 
and the triangular distribution on unloading as shown in Fig. 4. 

The maximum residual stress is expressed by: 


4 r 
r 0 

A graphical or numerical integration is indicated in order to 
determine the residual stress which exists for each different pre- 
setting load beyond the yield point. Spaulding [2] arrived at a 
solution of residual stresses using the assumption of perfect plas- 
ticity when the materjal is strained beyond its yield strength. 
Sopwith [3] arrived at another solution for residual stresses using 
an empirical relation between 7 and 7,,;. 

If, however, a construction devised by Upton [4] is used, the 
maximum residual stress existing in the wire can be determined 
for any stress-strain relation beyond the proportional limit of the 
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The curve is in general continuous and 7 is zero when y is zero. 
For any particular loading and resultant angle of twist (d@/dl is 
assumed constant over the length of the wire) the shearing stress 


UNLOADING 
LLOADING 


Fig. Loading and unloading effective stresses 


RESIDUAL STRESS DUE 
TO PRESETTING 


Fig. 4 Residual stress distribution due to presetting 


material. The construction utilizes torque as a function of angular 
deflection data obtained from an ordinary torsion test of the ma- 
terial under consideration, or load-deformation data obtained 
during the presetting process to define the stress-strain relation 
tT = f(y). The difference between the stress computed from 
elastic relations and the actual stress for a particular value of 


strain, as discussed previously, is the residual stress realized. 
The relation: 


was derived by Upton using the maximum strain in a cross sec- 
tion for a particular loading as the independent variable. Graphi- 
cally on a plot of stress, 7,,,, a8 a function of maximum strain, Y,,, 
for which 7,,,is computed from Equation (5) the maximum resid- 
ual stress is one fourth of the intercept on the 7,,,-axis of the tan- 
gent to the curve at a strain y,,. 

The application of these relations to a particular material and 
geometry is demonstrated in the next section of this paper. 

The direct shear and curvature effects on the stress distribution 
have been neglected in this treatment. However, the presetting 
process eliminates most stress raising effects of these factors, 
since most spring materials have a rather flat stress-strain relation 
beyond the proportional limit. While the stress distribution 
diagram may be slightly distorted by these factors, the conse- 
quence is small for reasonable spring indexes. 


Transactions of the ASME 


3 
N 
| N 444 
IN| T 
¢ 
OF COIL a 
| 4 
: 
4 | 
tr 
or 
{ 
Tey 
| 
| 
Tye 


‘a’, STRESS VS. STRAIN 
FROM ELASTIC 
FORMULA— > 


, ACTUAL STRESS 
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TORSIONAL STRESS, 1000 LB PER IN 


.010 .020 .030 
TORSIONAL STRAIN, IN. PER IN. 
Fig. 5 Torsional stress as a function of strain for SAE 6150 


.040 


The treatment also neglected the residual stresses due to the 
cold winding process by Assumption 4. These bending stresses 
may alter the over-all stress picture, but the increase in fatigue 
life due to presetting should not be affected, since the torsional 
residual stresses are superimposed on whatever stress situation 
existed initially. 

Using the relationship discussed, it is possible to predict the 
residual stresses which may be imposed for a certain geometry 
and strain beyond the yield point for a particular material under 
consideration. 

It is convenient to define two additional terms: 


1 Overstrain ratio—the ratio of the maximum strain imposed 
due to stressing beyond the yield point to the yield point strain, 
Ym 


or: Overstrain ratio = 


2 Residual stress ratio—the ratio of the maximum residual 


stress to the yield point stress, or: 


Residual stress ratio = — 


The material chosen for this example was SAE 6150 chrome- 
vanadium steel with a Rockwell hardness of approximately C 40. 
The yield strength as defined by the proportional limit was 112,- 
000 psi. The stress-strain diagram, 7,,, as a function of y,,, is 
shown in Fig. 5, curve a. This was obtained from torque versus 
angular deflection data for the SAE 6150 steel and equations (1) 
and (5). Fig. 5, curve b is the actual stress-strain curve using 
Upton’s construction (2). The maximum residual stress resulting 
from a torsional strain of 0.0214 in. per inch is one fourth of the 
intercept on the ordinate axis of the tangent at 0.0214 in. per inch 
or 1/4 X 138,000 pounds per square inch or approximately 34,500 
pounds per square inch. 

Using this method, the maximum residual stress for each over- 
strain ratio is determined and is curve a minus curve b. This 
maximum residual stress is displayed in dimensionless form as a 
function of the overstrain ratio in Fig. 6. 


Experimental Study 


Test Specimens. The experimental study was limited to one 
type of material and one spring geometry. The choice of both 
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RESIDUAL STRESS RATIO 


10 15 2.0 2.5 
OVERSTRAIN RATIO 


Fig. 6 Residual stress ratio as a function of overstrain ratio for SAE 
6150 


3.0 35 


material and geometry was arbitrarily based on the following con- 
siderations. The material, SAE 6150 chrome-vanadium steel, was 
chosen primarily because it is the material used in many highly 
stressed situations in which any increase in load carrying capacity 
would be a definite advantage. The geometry was limited only by 
the maximum displacement of the fatigue machine and the upper 
load limit of 1000 pounds. Since one application of this study 
might be to increase the capacity of engine valve springs, the 
geometry was chosen to be in the range of a medium-sized diesel 
engine. 

The load for all specimens under test was applied in a sinusoidal 
manner, the minimum load being one third of the maximum. 
The one third to maximum loading was chosen because it is an 
average value for American engine manufacturers [5]. 

The specifications for the spring geometry were: 


Wire size—Washburn & Moen No. 2, 0.263 in. diameter 
End conditions—squared and ground 

Number of turns—two active turns 

Free length—3'/, in. 

Mean coil diameter—1"/- in. 

Spring index = 5.7 


The specimens were manufactured by a commercial spring 
manufacturing firm and had commercial tolerances. The springs 
were cold wound and not preset in any manner. Straight wire 
from the same stock was used to obtain the stress-strain curve in 
Fig. 4. Otherwise the history of the material is unknown. 

Each series of springs was given a predetermined overstrain 
ratio by applying a total static deformation computed from: 


Ym 
= 


or 6m = dy X (overstrain ratio) 


The springs were tested, under the prescribed loading conditions 
in a Sonntag Universal Testing Machine, Model SF-1-U. 
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Fig. 7 Maximum fatigue load as a function of overstrain ratio 
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Experimental Results 


The endurance load for the spring geometry and material as 
discussed in the foregoing, for the loading conditions of one-third 
maximum load to maximum load, was determined for overstrain 
ratios of 1,2,and3. A graph of the experimental results of the 
maximum load for a life of ten million cycles as a function of over- 
strain ratio is shown in Fig. 7. 

Also shown in Fig. 7 is a graph of the predicted service loads as 
a function of the overstrain ratio. This graph was determined by 
adding the predicted residual stresses to the maximum endurance 
stress for an overstrain ratio of one. These stresses were put in 
terms of the maximum expected load by the elementary spring 
formula, assuming that residual stresses are directly additive to 
the operating stress, 


mr’ 

There were two factors incidental to the spring presetting 
process which caused the fatigue strength of the springs to fall 
short of that predicted by the theoretical study. The first factor 
was that the springs after presetting had nonparallel end turns 
because of the “spring back’’ of the end coils after having been 
stressed beyond the vield strength. In the particular case studied, 
the end turns after prestressing were at an angle of approximately 
five degrees with the unprestressed condition. 

The nonparallel end turns cause a small eccentric load, L, to be 
applied. The magnitude was such that the end turns were 
brought back to a parallel condition, as shown in Fig. 8. The load 
L at the edge produces twice the torsional moment in the wire 
than it would cause if it were applied at the center of the wire. 

Static experiments were run to determine the magnitude of the 
load necessary to bring about this “parallel end’ condition for 
overstrain ratios greater than one, and this correction is shown in 
Fig. 7. 

A second factor noted during the presetting process was a 
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UNLOADED 


Fig. 8 Eccentric load due to nonparallel end turns 


LOADED 


definite increase in coil diameter, due to the spring becoming 
more ‘‘close-coiled.’’ This effect, which was disregarded in the 
theory, was quite small for the lower overstrain ratios, but an in- 
crease of coil diameter of 5/3. in. was measured for an over- 
strain ratio of 3. Since the stress in the wire is directly propor- 
tional to the coil diameter, an additional correction of the pre- 
dicted load curve was made for this point. The theoretical curve, 
including the effects of the two factors discussed, is shown in Fig. 7 
and gives reasonable correlation with the experimental data. 

A much greater increase in load carrying capacity, equal al- 
most to the theoretically predicted range, could be obtained by 
regrinding the end turns of the spring after presetting. Work in 
this area is planned. 


Conclusions 


From a study of the experimental results and the theoretical 
treatment of the presetting process of round-wire, helical com- 
pression springs, the following conclusions can be reached: 


1 The presetting process definitely increases the load carrying 
capacity of springs in fatigue loading as well as in static loading. 
The percentage increase depends on the material and the amount 
of strain beyond the yield strength. 

2 The theory developed herein appears to adequately de- 
scribe the increase in load carrying capacity which can be realized 
if compensation is made for the nonparallel end turns after pre- 
setting, or if the end turns are reground after presetting. 


References 

1 A.M. Wahl, ‘‘Mechanical Springs,” first edition, Penton Pub- 
lishing Company, Cleveland, Ohio, 1944, pp. 166-168. 

2 E. H. Spaulding, ‘Lightweight Springs for Limited Life,” 
Society of Automotive Engineers Preprint No. T30, Oct., 1955. 

3. D.G. Sopwith, ‘‘The Production of Favorable Internal Stresses 
in Helical Compression Springs by Prestressing,’’ Symposium on In- 


ternal Stresses in Metals and Alloys, Institute of Metals, 1948, pp. 
195-207. 

4 G. B. Upton, ‘‘Materials of Construction,” first edition, John 
Wiley & Sons, Inc., New York, N. Y., 1916, pp. 43-55. 

5 “Specifications of American Motor Vehicles,’’ Automotive In- 
dustries, vol. 112, March 15, 1955, pp. 124-161. 


DISCUSSION 
H. C. R. Carlson’ 


The authors should be congratulated, first, for attacking sucha 
difficult and complicated problem (difficult because the literature 
covering it is quite meager, complicated because of the many 
variables and variations in mechanical properties of spring ma- 
terials) and, second, for the scholarly preparation and arrange- 
ment of the paper. 

The authors should also be encouraged to go further into the 
problem and obtain more definite information concerning the 
properties of the more commonly used spring materials such as 


5 Consulting Engineer, Oceanside, N. Y. Fellow ASME. 
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oil-tempered MB (ASTM A229-41), music wire (ASTM A228-51), 
stainless steel 18-8 type 302, and others. Account should be 
taken of the unusually high increase in the elastic limit of hard 


drawn materials after they have been heated to remove the. 


residual stresses due to coiling. The “Phenomenon of Secondary 
Hardness’’ of the hard-drawn materials also raises the elastic 
limit enough to have a considerable effect on their ability to 
withstand higher stresses and also increases fatigue life. 

The selection of SAE 6150 chrome-vanadium steel was unfor- 
tunate, first, because it represents less than 2 per cent of the spring 
materials used and second, because of the low hardness of 
Rockwell C 40. The most commonly used chrome-vanadium has 
a hardness ranging from C 45 to C 49. 

Account should also be taken of the fact that it is customary in 
the spring industry to first, coil the springs, second, heat to remove 
residual coiling stresses, third, press to remove set, and then per- 
form the grinding operation. This series of operations auto- 
matically produces springs with squarely ground ends that are 
parallel with each other. 

It is sincerely hoped the authors will continue their study of this 
problem and prepare additional papers on this interesting subject. 


H. 0. Fuchs® 


Although the writer doubts much of the theory expressed and 
implied in this paper, he welcomes it as a valuable experimental 
contribution to an art which is very useful in practice and 
theoretically interesting as a test of fatigue theories. The ex- 
periments performed by the authors could be used to test various 
theories if the experimental data were tabulated in detail, includ- 
ing hardness, maximum load at beginning and end of test, cycles 
to failure, location of failure, amount of seat angularity after 
preset and after test, and moment required to square the seat, for 
each of the springs tested. Writer hopes that these data may be 
published as a service to students of metal fatigue. 

The author’s theory is based on a number of hypotheses: 


(a) Nonparallel end turns produce eccentric loading 

(b) Endurance load depends on the maximum torsional stress 

(c) Residual stresses and load stresses should be considered to- 
gether to obtain the significant total stress 


Hypothesis (a) is not correct. Keysor, Pletta, and Maher [6]? 
have shown that with parallel end turns the load may be ec- 
centric and that the eccentricity may be quite large (of the order 
of '/s R) for springs with only two active coils. During presetting, 
the more highly stressed parts of coils vield first and thus produce 
a more equal stress distribution around the coil, corresponding to 
less eccentricity of the load. In other words, the moment re- 
quired to straighten the ends may reduce the highest stress rather 
than to increase it. (Knowledge of the location of the failures in 
the coil would tend to confirm or refute this theory.) 
Hypothesis () fails to check with a great number of spring tests. 
They all show that the stress range has a greater influence on the 
endurance limit than the stress maximum. According to Sines 
{7], an analysis of the most reliable tests shows that the best 
available criterion for the endurance limit has the form 


S=A-—kKN 


S is the permissible range of the octahedral shear stress 
N is the sum of the mean normal stresses 
A and k are material constants 


In a coil spring the sum of the normal stresses produced by the 
load or by presetting is zero. (Knowledge of the location of 
failure nuclei in the cross-section would tend to confirm or deny 


6 President, Metal Improvement Equipment Company, Los An- 
geles, Calif. Mem. ASME. 

7 Numbers in brackets from 6 to 9 designate References at end of 
this discussion. 
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this theory because the stress range is greater on the inside of the 
coil than at other points.) 

Hypothesis (c) is very sound and fertile. In connection with 
springs it can be used to explain the greatly increased resistance to 
yielding which results from the negative residual shear stresses 


_produced by presetting and the greatly increased endurance load 


which results from the negative normal residual stresses produced 
by shotpeening. In the region between short-life failure by yield- 
ing and long-life failure by fracture, there is an area where pre- 
setting, preceded by shotpeening, greatly increases the load which 
can be sustained 100,000 times without fracture [8]. 

Writer would be inclined to explain the increase in endurance 
load range produced by moderate presetting by the decrease in 
torsional moment which results from the decreased eccentricity 
of the load. The decrease in endurance load produced by greater 
amounts of presetting reminds him of the experience with preset 
torsion bars which failed very quickly unless presetting was pre- 
ceded by shotpeening [8]; presumably the tensile component of 
the torsional stress was great enough to start crack nuclei during 
presetting. This view is strengthened by the fact that the de- 
crease at high overstrain ratio was more pronounced for the 
harder springs of Rockwell C 52 than for the softer springs of 
Rockwell C 40. 

It may be interesting to note that the distribution of residual 
stresses predicted by the method used by the authors was verified 
experimentally on torsion bars [9]. 

So little is firmly known about fatigue and presetting that more 
experimental work such as that described in this paper will be 
welcomed by students of these subjects. The authors have pro- 
vided useful information. 
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E. H. Spaulding® 


It is gratifying to see a new paper on the subject of presetting 
and to have this extension of knowledge and understanding of its 
favorable effects added to the literature. 

While the general knowledge of presetting as a design tech- 
nique has been known for a great many years, the appreciation of 
this principle has been all but neglected by most designers. The 
better understanding made possible by the subject paper should 
encourage employment of this most useful technique. 

The average designer either neglects or overlooks the use of 
presetting techniques because of the limited use of this principle 
and the resulting limited knowledge available. Those who have 
found courage to use such techniques have met with opposition 
from various sources. In the face of such opposition it sometimes 
takes courage to include the principle of presetting in new de- 
signs that must go at once into production. Presetting may also 
be used to advantage in other products besides springs and, for 
example, has been shown to be beneficial in the design of pressure 
vessels and other structures loaded primarily in tension. Pre- 
setting in compression could have a detrimental effect from the 
fatigue standpoint as this will produce residual tension stresses at 
points of stress concentration. 

The writer has had personal experience in the design of springs 
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and pressure vessels that included presetting as one of the design 
requirements. After the initial development pains (of which 
there were many) these products were put into production making 
full use of the beneficial effects of presetting and resultant weight 
saving to earn themselves an enviable record of reliability. Pre- 
setting of high-pressure air bottle (3400 psi) by forcing a volumetric 
permanent expansion by hydrostatic means equalizes or elimi- 
nates residual stresses built into the bottle and produces favorable 
residual stresses at points of stress concentration which all add in 
improving fatigue life. 

In conclusion, I am pleased to see another paper which con- 
tributes to this state of the art and which should encourage more 
wide-spread use of this infrequently used design technique. 


A. M. Wahl® 


The authors have presented some interesting data on the effects 
of presetting on the endurance range of helical springs. 

It should be mentioned that the main effect of the residual 
stress 7, produced by overstrain due to presetting is to reduce the 
mean stress of the range at the inside of the coil where fatigue 
failure usually starts. However, if one plots a typical Goodman- 
type fatigue diagram for helical springs it is found that a reduc- 
tion in mean stress by a given amount does not generally mean a 
proportionate increase in endurance range. For this reason, one 
would not expect that merely adding the residual stress to load 
stress (as is done to obtain the upper curve in Fig. 7) would give a 
measure of the increase in maximum load due to presetting. 

To illustrate this point, assume a typical Soderberg-type rela- 
tion for torsional stresses, neglecting effects due to curvature and 


direct shear: 
(9) 
Tult 
In this T, = fatigue limit in reversed torsion 
Tult = torsional ultimate strength 
T, = alternating shear-stress component 
T> = mean shear-stress component 


Taking, as an example for this material, 7, = 42,000 psi, Tur = 
170,000 psi, based on the upper curve in Fig. 5, and 7) = 27, 
corresponding to a load range from Pymax/3 to Pmax, one obtains 
T, = 28,000 psi, 77 = 56,000 psi. The maximum stress T = T, 
+ T) = 84,000 psi. 

Let us consider an overstrain ratio of 3 giving a residual stress 
T, = 38,000 psi due to presetting. Assume that this increases the 
maximum load of the range to CPmax, Where Pmax is the value for 
zero residual stress, again assuming operation from !/;CPmax 
to CPmax. In this case using Equation (9) the mean stress To 
would be taken as 7, = C (56,000) — 7, = C (56,000) — 38,000 
and the alternating stress 7, = C (28,000). Using these values in 
Equation (9), taking Tur: = 170,000 psi and 7, = 42,000 psi, and 
solving for C gives: T. 


C=1+ = 1.22 (10) 


Tult 

For C = 1.22, an increase of only 22 per cent in maximum load 
would be expected for an overstrain ratio of 3, compared to an 
increase of about 43 per cent based on the ratio (7 + 7,)/7 as in- 
dicated by the upper curve in Fig. 7. This example shows that 
lower percentage increases in load would be expected than those 
given by this curve, even if the disturbing effects of diameter in- 
crease and load eccentricity were not present. Incidentally, if 
one allows for a 10 per cent increase in’stress due to increase in 
diameter, this 22 per cent increase in load is reduced to about 11 
per cent which is rather close to the experimental result. 

For an overstrain ratio of 2 taking 7, = 31,000 psi, and Tur = 
170,000 psi, C = 1.18 from Equation (10); i.e., an increase of 18 
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per cent in load would be expected. This is again quite close to 
the experimental results. 

These calculations would seem to indicate that the experimental 
results might be largely accounted for without assuming much 
additional stress due to excessive load eccentricity after presetting. 
The authors indicate that they plan to do additional work on 
springs having the ends reground after presetting to reduce ec- 
centricity. Such tests might throw further light on this question. 


Authors’ Closure 


The authors wish to thank the discussers both for their valuable 
additions to the subject matter contained in the paper and for 
their encouragement to pursue the problem further. 

After the paper was prepared, additional experiments of the 
nature described in the paper were conducted on a different series 
of springs. The detailed results, as Dr. Fuchs points out, might 
be of interest to spring designers. Fig. 9 shows the data points 
for ten-million-cycle endurance limit both for the results from 
which Fig. 7 was obtained (100 series) and for the new series of 
experiments (200 series). It should be pointed out that the 200 
series were of the same design and material as the 100 series, with 
hardness Rockwell C 52. A smaller improvement in endurance 
load was realized with the harder springs (approximately 12 per 
cent improvement at 2.0 overstrain ratio). An additional 7 
per cent increase in endurance load was realized at 2.0 over- 
strain ratio when the ends of 200 series springs were reground 
after presetting. 

Both Dr. Fuchs’ and Dr. Wahl’s comments center around the 
authors’ treatment of the residual stress in attempting to predict 
the increase in load-carrying capacity due to presetting. Dr. 
Fuchs points out that there is some experimental evidence that 
there is no effect of steady stress on alternating stress required to 
produce failure for torsional loading. On the other hand, Dr. 
Wahl points out that the data were amenable to analysis by the 
Soderberg-type relation. For presentation of the results, the 
authors chose merely to deduct computed residual stresses from 
the maximum load at failure of the nonpreset springs. This is 
perhaps too severe a test of the method of predicting increased 
service loads possible, and we agree that Dr. Wahl’s calculations 
are very realistic. 

Because there is an unresolved question of how best to account 
for residual stresses due to presetting, we are now conducting 
further research to provide more basic information on methods 
of applying calculated residual stresses for fatigue loadings. 
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Fig. 9 Maximum endurance load as a function of overstrain ratio 
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A Quantitative Investigation of the 


S. M. MARCO' 
W. L. STARKEY? 
K. G. HORNUNG® 


Factors Which Influence the Fatigue 
Life of a V-Belt 


A new design method for V-belts has been developed. The new method involves a horse- 
power-life relationship which has been derived on the basis of the results of a vast ex- 
perimental program of belt testing involving many hundreds of tests, together with an 
analysis of these data which introduces several new concepts of stress analysis for rubber- 


textile structures. 


| Introduction 


V-BELT IS A MACHINE MEMBER designed to transmit 
power from a driving pulley to a driven pulley. As in the case of 
most designs, the design of a V-belt drive is necessarily a com- 
promise among the variables of cost, size, performance, and life. 
The designer usually is confronted with the problem of selecting 
a V-belt drive which will fit into the available space and transmit 
the necessary power at the desired speed ratio with a reasonable 
life. 

The cost of a V-belt drive is intimately related to the pulley 
size, the belt size, and the life of the belts. It might be possible to 
transmit the necessary power with a minimum-first-cost drive 
consisting of very small pulleys and very small belts, but, due to 
short belt-life resulting in frequent replacements, the average 
total yearly cost might be high. Conversely, a drive that is 
grossly overdesigned to give a long belt-life might result in a high 
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average total yearly cost because of the high first cost. It is 
apparent that some compromise, consisting of a reasonably low 
first cost and a reasonable belt-life might provide the most eco- 
nomical drive for a given application. 

Thus, if all of the factors involved in the design of a V-belt 
drive were known, it should be possible to select an optimum com- 
promise consisting of the combination of available belts and 
pulleys which would give the smallest operating cost, fit within 
the space limits, and give reasonable performance and life. 

It has been pointed out that an important part of the operating 
cost of a V-belt drive is related to the life of the belt. It is there- 
fore of importance to the designer to have relationships for quan- 
titatively determining the loads, stresses, and stress-life charac- 
teristics of V-belts. 


Il Force Analysis 


A V-belt is a structure composed of a number of components 
bonded together in the manufacturing process. Each component 
has its own physical and mechanical properties. Because of its 
complicated construction, a cumplex force interaction is induced 
among the components of a V-belt when it is subjected to ex- 
ternal loads. These forces of interaction are difficult to describe 
by any exact mathematical relationship. If we treat a section 
of a belt over a pulley and the pulley as a free body, as shown 
in Fig. 1, the following force and moment relationships may be 
obtained: 


(1) 
(2) 
(3) 


= cross-sectional area of a cord 
= a constant 
= pulley diameters in a two-pulley drive 
distance from neutral-axis plane to top of cord 
section 
reaction force of shaft on pulley in z-direction 
reaction force of shaft on pulley in y-direction 
force in slack side of belt 
force in tight side of belt 
force required to rupture a cord in simple tension 
force in direction of z-axis 
force in direction of y-axis 
acceleration due to gravity 
life of belt in time units 
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horsepower transmitted by belt 

coefficients applied to correct stress 

length of belt 

exponent 

tensile modulus of a cord, force required to pro- 
duce unit elongation per unit length 

torsional moment of shaft acting on belt and 
pulley 

= pulley torque 

life of belt in belt cycles 

number of cycles required to produce failure 
when operating at stress level S, 

number of cords in belt 


(Continued on next page) 
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From Equation (1) is obtained 


F,sin + F, sin — (wV*/g)(sin di + sing) — F,, =O (4) 
From Equation (2) is obtained 
F,cos — F, cos d2 + (wV?/g) (cos — cos $2) + F,, = 0 (5) 
From Equation (3) is obtained 
(F,’— Fs)(r,) Mp = 0 (6) 
Equation (6) may be expressed in terms of the horsepower as 
(F, — F,) — C(HP)/V = 0 (7) 
If the belt alone be considered as a free body, it is apparent that 
the tensile forces, F, and F,, are in part due to the forces acting 
between the belt and the pulley and in part due to the centrifugal 
force. For purposes of later analyses, let the tensile forces of the 
pulley on the belt be designated by the symbols, 7’, and T,, 
where 
=F, — wV*/g (8) 
T, =F, — wV?2/g (9) 


Ill Stress Analysis 


Belt failures are produced by stresses imposed on the belt as it 
passes over the pulleys. 


Because of the complex structure of V- 
belts, an exact stress analysis at the present time is not possible. 


Fig. 1 System of forces acting on belt and pulley as free body 


Nomenclature 


It is therefore necessary to depend upon a stress analysis based on 
simple elastic theory. The selection of the critical point, that is, 
the point in the cross section at which the stresses are most 
serious, is based on the observation of the place at which failures 
occur in belts and other investigations described in Section IV of 


this paper. These observations indicate that failure frequently 
occurs in the top cords of a belt. 

It will be observed that the tensile forces F; and F, of Fig. 1 will 
produce tensile stresses in the cords. In the portions of the belt 
that are bent over the pulley, there will be a bending stress super- 
imposed on these tensile stresses. The nominal tensile stress in 
the outermost fibers of the top cords in a section of the belt which 
passes through the points a, b, c, and d in Fig. 1 will be as follows: 


S, = F,/Ane (10) 
S, = (F,/An,. + Me/Ar (11) 
S. = (F,/An,.) + Me/Ar (12) 

S, = F,/An, (13) 


These nominal stresses are shown diagrammatically in Fig. 2. 
As the same belt section passes over each of the other pulleys in 
the drive it would be subjected to similar patterns of increasing 
and decreasing stress. The values of the tensile stress due to ten- 
sile force and tensile stress due to bending, at each pulley, would 
depend on the pulley-shaft reaction force, the pulley diameter, 
and the torque on the pulley. It is therefore apparent that any 
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Fig. 2 Stress variation as belt passes over a pulley 


number of cycles of stress level S, imposed on 
belt 


Q, Qr, _ dimensionless stress parameters based on 
Qc, nominal stresses 
Q', Qr’, Qc’ _ dimensionless stress parameters based on cor- 
rected stresses 
r = radius of curvature of neutral axis plane of bent 
belt 
r, = radius of pulley at pitch line 


= stresses at critical point of belt as it passes over 
one pulley 
S, = peak stress in belt as it goes over the kth pulley 


S; = nominal peak tensile stress in stress cycle 
S,’ = corrected peak tensile stress in stress cycle 


S, = ultimate tensile strength of cords 


ll 


F tensile force in slack side of belt produced by 
pulley reaction 


T, = tensile force in tight side of belt produced by 
pulley reaction 

V = belt velocity at pitch line 

w = weight per unit length of belt 

Q@), Q, 8 = experimentally determined parameters appear- 

ing in horsepower-life equation 

¢; = angle between z-axis and normal to tight side of 
belt where it leaves the pulley 

gd: = angle between z-axis and normal to slack side of 


belt where it leaves the pulley 
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given point on a belt will be subjected to cyclic stresses which will 
tend to induce fatigue failure. 

Experience with metals indicates that, if cyclic stresses are re- 
peated a sufficient number of times, failure by fatigue, or progres- 
sive fracture, will occur. The number of repetitions possible will 
depend on the maximum and minimum stresses at a critical point 
in the material. There is a relationship between some stress 
parameter, such as the maximum stress or the stress amplitude, 
and the number of stress cycles needed to produce failure. This 
relationship is frequently depicted in a graphical plot known as 
an S-N curve. 

The tensile stress S, in Equation (12) is the largest nominal 
stress in the cycle of stresses repeated each time a given point in 
the belt passes over the pulley. By substituting the value of F, 
from Equation (8) into (12), we obtain 


wV? Me 14 
gAn, Ar (14) 
The nominal tensile stress is seen to be made up of three com- 
ponents. The first, 7',/An,, is the tensile stress caused by the 
forces transmitted to the belt by the pulley; the second term is 
the tensile stress caused by centrifugal force; and the third term 
is the tensile stress arising from the bending. 

Because of the nature of the belt structure, the actual tensile 
stress will be somewhat larger than the nominal stress. The term 
T ,/ An, is too small because the forces transmitted from the pulley 
to the belt will not be uniformly distributed among all the cords. 
The cords closest to the pulley surface, where the forces are 
transferred from the pulley to the belt, will take a larger share 
of the load than the cords closer to the center of the belt cross 
section. Thus it would appear justified to increase the term T,/ An, 
by multiplying it by a factor K; larger than one. The value of K; 
would need to be determined by fatigue experiments and is as- 
sumed to be a function of the lateral and shear stiffness of the 
belt. 

The term wV?/gAn, which describes the tensile stress produced 
by centrifugal force may be assumed to be uniformly distributed 
among all the cords. 

The expression for the nominal tensile stress due to bending, 
Me/Ar, is based on the assumption that the cord bends as a simple 
solid beam. Obviously such an assumption cannot hold for a 
complex multifiber structure such as a cord. In the extreme, con- 
sider a length of cord being bent as a beam with no tensile forces 
applied to its ends. In this case, slippage among the individual 
fibers of the cord would relieve any stresses due to bending 
except those due to each fiber bending about its own neutral axis. 
Therefore e in this expression would be one half of the thickness 
of a fiber rather than one half of the thickness of the cord. How- 
ever, when a tensile force is applied to the cord, the fibers are 
pressed together, so that frictional forces can develop to oppose 
fiber slippage. If no slippage occurs, then the cord will act as a 
simple beam in agreement with the original assumption. 

It is apparent therefore that the bending stress must be modi- 
fied by some correction factor dependent on the total tensile force 
imposed on the cord. It has been found by experiment that a 
correction factor of the form 


wV2 |™ 
1 


must be applied to the bending term. The factors K2, K;, and 
m are experimentally determined constants. The constant K: 
depends on the tensile properties of the cords and the exponent m 
depends upon the number of layers of cords in the cord bundle. 
Thus the corrected peak tensile stress at the outer fiber of the top 
cord is found to be 
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(16) 


Since S,’ is the peak stress imposed on the cords in the stress 
cycle to which the belt is subjected, it is to be expected that the 
number of such cycles possible before failure will depend on Sy’. 


IV Failure Investigations 


In view of the fact that V-belt failures are due to fatigue, it is 
necessary to develop a rational stress-life relationship based on a 
combination of theoretical and empirical considerations. It is 
therefore necessary to develop an S-N curve similar to those de- 
veloped for metals. In a given belt drive there will be two or more 
pulleys. Thus a belt, in making a complete excursion around the 
pulleys, will be subjected to two or more stress cycles having 
different peak-stress values. This makes necessary the utilization 
of a cumulative damage theory together with the S-N curve. 

The fatigue concept for V-belts which has been developed in 
this investigation is based on the following factors: 


1 Each time a particular point in the belt passes over a pulley, 
it is subjected to a stress cycle and a fraction of its useful life is 
consumed. 

2 The total life of the belt is equal to the sum of the fractions 
of the life consumed in each stress cycle. 

3 The fraction of life consumed in each stress cycle is a func- 
tion of the magnitude of the peak stress in each stress cycle and 
the fatigue properties of the belt. 

4 The significant peak stress induced in each stress cycle is 
that given in Equation (16). 

5 The fatigue properties of the belt, which depend on the belt 
construction, are determined from life tests. 


Since the results of life tests are the basic data from which 
fatigue-strength properties of V-belts must be obtained, it was 
necessary to have available a large number of such results cover- 
ing a wide range of the variables. In order to simplify the testing 
procedure and yet provide results that might be useable to formu- 
late a general S-N relationship that could be applied to all belts 
on any type of drive, it was necessary that these tests have certain 
characteristics. The required test characteristics are as follows: 


1 Each test drive consists of two pulleys of equal diameters. 

2 The pulley-shaft reaction force is constant throughout 
each test. 

3 The pulley torques are constant throughout each test. 

4 The belt velocity is constant throughout each test. 


In order to obtain sufficient quantitative life data covering a 
wide range of belt sizes, belt construction, pulley diameters, belt 
velocities, pulley torques, and pulley-shaft reaction forces, it was 
necessary to select from thousands of life-test results, obtained 
over a period of years by a large manufacturer of V-belts, those 
results which were obtained from tests which had the characteris- 
tics outlined. A total of 600 tests were found to have suitable 
characteristics for establishing a basic S-N relationship. Most of 
these tests were conducted on life-test machines having one float- 
ing shaft which was loaded with a dead weight to produce the 
necessary belt tension. The torque input was supplied by a con- 
stant-speed electric motor and the torque output was maintained 
with a water brake. 

In additic:. to the life tests, other experimental investigations 
were conducied. These investigations were for the purpose of de- 
termining quantitatively the elastic properties of the belt and its 
components and the tensile strength of the cords. In addition, 
qualitative information regarding stress distribution was ob- 
tained. 

To define the tensile modulus of elasticity of the cords, load- 
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Fig. 3 Load elongation curves for single cords 


elongation data were taken on single-cord specimens. A typical 
example of the results of these tests is shown in Fig. 3, where load- 
elongation curves are plotted for several load-cycles on the same 
cord. It is apparent that the tensile modulus of elasticity of the 
cord increased as successive load cycles were applied, and then 
became essentially constant after approximately five cycles. 
The value of the tensile modulus of the cord after it had become 
constant was the one used for computations. 

Since the tensile modulus was needed to compute the bending 
stress, it was necessary to determine the relationship of the tensile 
modulus in bending to the tensile modulus in tension. This com- 
parison was made with the aid of the apparatus shown in Fig. 4. 

A known bending moment was produced by applying dead 
weights to the wires attached to fixed points on the belt, and the 
resulting radius of curvature was measured. Calculation of 
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Fig. 4 Apparatus for determination of elastic modulus of cords in bending 
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the tensile modulus of elasticity by this method indicated 
that the tensile modulus measured by loading the single cords 
in tension was a good approximation of the tensile modulus to 
be used in computing tensile stress due to bending. 

An investigation was conducted to establish the tensile modulus 
of elasticity of the various belt components. Load-elongation 
data were obtained for the belt cross sections shown in Fig. 5. 
In each of these specially built belts, one or more of the usual belt 
components was omitted. The contribution of a given component 
was determined by comparing the tensile modulus of elasticity of 
a complete belt to the tensile modulus of elasticity of a belt with 
the component in question missing. The results of these tests 
are shown in Fig. 5, where it is indicated that for a typical belt 
approximately 96 per cent of an applied tensile load is resisted 
by the cords, leaving only about 4 per cent to be carried by the 
remaining components. 

According to the following line of reasoning the results also 
support the assumption that the critical point in the belt at which 
the stress is most serious is located in the cords. The high tensile 
modulus of the cords results in a low tensile elongation for a given 
applied load. In passing over the pulley, all components except 
the cords experience relatively large elongations; hence if the 
critical point in a belt cross section were located in a component 
other than the cords, the life of the belt would not be greatly af- 
fected by a change in the belt tension 7’, as long as the pulley 
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Fig. 6 Typical V-belt failures 


diameter were held constant. Life tests show that even for small 
pulley diameters, belt life is very sensitive to the magnitude of 7’,; 
hence this investigation leads to the conclusion that the critical 
point is probably in the cords. 

In addition to the tests, the examination of hundreds of failed 
belts indicated that many failures occurred in the cord sections 
of the belts. Some typical failures are shown in Fig. 6. 

To obtain some qualitative information regarding stress dis- 
tribution, an investigation was conducted in which a brittle 
lacquer was applied to the top and side of a belt mounted on two 
pulleys with fixed center-distance between the shafts. Subsequent 
to the drying of the brittle lacquer, a torque was applied to one 
pulley while the other pulley was fixed. This was a special belt 
built with cords located at the top surface of the belt. The 
crack pattern shown in Fig. 7 indicates that in the portion of the 
belt on the pulley, those cords closest to the pulley sides carry most 
or all of the tensile load. In the section of the belt between the 
pulleys, the tension becomes more uniformly distributed as 


Fig.7 Tensile load distribution among cords as determined by stress-coat 
analysis 
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the belt section in question gets farther away from the pulley. 
This leads to the conclusion that the stress due to tension is not 
uniformly distributed among all of the cords. It was assumed 
that some linear distribution of force is reasonable; thus a factor 
multiplying the nominal tensile force 7’, should approximate the 
maximum tensile load due to forces transmitted from the pulley 
to the belt. 


¥ Analysis of Fatigue Data 
With the conditions of the life tests given in Section IV, Equa- 
tions (4) and (7) when modified in accordance with Equations (8) 
and (9) reduce to 
T,.+T, (17) 
T, — T, = C(HP)/V, (18) 


since sin ¢; = sin 2 = 1 for the test conditions. With F,,, HP, 
and V measured, it is possible to compute 7’, i.e., 


T, = (*/2)(Fr2 + C(HP)/V) (19) 


For a particular belt test for which A and n, were fixed, the nomi- 
nal tensile stress due to 7’, was found to be 


T,/An, = (*/2An,)(F,z + C(HP)/V) (20) 


With the values of w, V, and g known, it was possible to com- 
pute the value of nominal stress caused by centrifugal force as 
wV?/Agn,. With the value of M determined from the tensile 
modulus, the values of e and r determined from the belt and 
pulley geometries, it was possible to determine the nominal ten- 
sile stress due to bending, Me/Ar. The values of e and r were 
determined by assuming that the neutral axis is located at the 
geometrical centroid of the cord section. This assumption is 
valid because of the very high tensile modulus of the cords as 
compared with the other components of the belt. With the three 
stresses added together the nominal peak tensile stress at the 
critical point was found to be 


Sr = + C(HP)/V) + wV*/gn, + Me/r] (21) 


To account for the fact that two different cords with the same 
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area might have entirely different strength properties, the tensile 
stress was divided by the ultimate strength of the cord under 
consideration to give a stress parameter Q 

Q = S,/S, (22) 
However, since the ultimate strength is defined by 

S, = F,/A (23) 
the stress parameter Q, as obtained from Equation (21), becomes 
Q = 1/F,[('/n,)(F,. + CCHP)/V) + wV2/gn, + Me/r] (24) 


The stress parameter can thus be obtained without defining the 
area of the complex cord structure. 
Using the notation 


Qr = (1/n,AS,)(F,. + C(HP)/V) (25) 
Qc = wV?/AgnS,, (26) 
Qe = Me/AS,r (27) 


Equation (24) can be written as 


Q=Qr+ + (28) 


Since these tests were performed with two equal-diameter pul- 
leys, it may be assumed that the belt was subjected to two equal 
stress cycles for each revolution of the belt. The total number 
of stress cycles to failure was computed by the relationship 


N = 2HV/L (29) 


Several belts, often as many as 50, were tested under a given set 
of test conditions and the mean value of N was determined for 
each test condition. 

Fig. 8 is a plot of Q versus N for the belts tested. It should be 
noted that each point represents the average life N of a group of 
identical belts tested under identical conditions. It should be 
emphasized that a wide range of belt cross sections, cord number, 
cord properties, and drive conditions is included among all the 
points in Fig.8. As might be expected, since nominal values of S7 
were used, a large amount of scatter is found in Fig. 8. It was 
therefore concluded that this plot is useless in describing the 
fatigue-strength of V-belts. 

By applying the correction factors indicated in Section III, the 
corrected tensile stress for the test belts was found. Using Equa- 
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tions (16), (25), (26), and (27), the corrected tensile stress S,’ 
was obtained as 


Sr’ = S,[KiQr + Qo + Ka(KiQr + Qc)"Qz] (30) 


It was suspected that the ratio of endurance strength to ultimate 
strength would be different for different belt constructions so that 
the ratio S;’/S, should be modified by a correction factor. ‘Such 


a factor K,, deperident on the belt construction, was devised. 
Thus 


Q’ = (Ki)S7'/S, (31) 


where K, was determined from fatigue tests. The corrected stress 
parameter Q’ was then determined as 


= Ki[K3sQ7 + Qo + Ki(KiQr + Qc)™Qz] (32) 


When the corrected stress parameter Q’ was plotted against the 
logarithm of N, the plot in Fig. 9 resulted. Excellent correlation 
between Q’ and life is indicated by this figure. The test data may 
be represented approximately by the straight line 


Q’ = 3.58 + log N-? (33) 


with a relatively small amount of scatter. 

While the values of Ki, K2, K;, and m were determined for the 
belts tested in this investigation, the values for other belt con- 
structions and other cord properties may be determined by testing 
a relatively small number of belts under conditions of relatively 
short life. By trial and error methods, new values of Ki, Ke, Ks, 
and m may be determined which will correct the stress parameter 
Q so that when it is plotted against its corresponding N, the point 
will fall on the straight line of Fig. 9. 


VI Design Method for V-Belts 


The life of a V-belt of a given construction operating on a set of 
i pulleys may be determined by using Equation (33) in conjunc- 
tion with a cumulative damage theory, such as Miner’s* theory, 
which states that 


n,/N, = 1 (34) 
k=1,2,... 


4M. A. Miner, ‘Cumulative Damage in Fatigue,” Journal of Ap- 
plied Mechanics, vol. 12, Trans. ASME, vol. 67, 1945, pps A-159-164. 
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where n, is the number of cycles of operation at a stress level S, 
imposed on the belt at pulley k, and N, is the number of cycles 
required to produce failure operating at a stress level S,. It will 
be noted that, in general, for each pulley in a drive there is a dif- 
ferent stress amplitude and therefore a different value of N,. 
The value of n,, however, is the same for each pulley of a given 
drive since for each belt cycle there is a stress cycle for each 
pulley. Thus the value of n, is exactly equal to the number of 
belt cycles N which is the belt life. Thus Equation (34) may be 
written 


k=t 


= 
k= 


(35) 


or 1/N = 1/N; + 1/N2 +... 1/N; (36) 


The values of Ni, No, . 
tions 


. .. N; may be determined from the equa- 


3.58 + log 
3.58 + log | 


3.58 + log Ny~"/* | 


where the values of Q:’, Q2’, . . ., Q;’ may be determined from 
Equation (32), and the values of Q7, Qg, Qc required in Equation 
(32) are determined from Equations (25), (26), and (27) for each 
pulley. 

The value of N for a particular belt and drive may be deter- 
mined by substituting the values of Ni, Ne, Nu, ..., from Equa- 
tion (37) into Equation (36). 

For a two-pulley drive with pulley diameters d; and d; the life- 
prediction equation, obtained by combining Equations (36) and 
(37) becomes 


log N = 10.74 — + V2] 
— a2[B(HP)/V + V?) 
— log [1 + + ((di/ds) — 1)] 


In Equation (38) the values of a;, a2, and 6 are 
6K,K2Me 
a = —— 


u 


B= 4.77K 310° 
w 


area of one cord, sq in. 

32.2 ft/sec? 

tensile modulus, lb/cord 

number of cords in a belt 

tensile strength of cord, lb/sq in. 
weight per unit length of belt, lb/ft 


The life N in cycles for a two-pulley drive can now be deter- 
mined by Equation (38). The life in hours H may be computed 
from N by the equation 


H = NL/720 V (42) 


where 


H life in hours 
L belt length in inches 
v belt velocity, ft/min 
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Vil Discussion and Conclusions 


Inspection of the individual points on the plot in Fig. 9 indicates 
that there is still some scatter which probably could be decreased 
by continued investigations along three lines. First, additional 
data will improve the determination of the correction factors. 
Tests to establish the relationship of fatigue strength to tensile 
strength with more accuracy should improve the correlation. 
Such tests would involve testing with constant S;’ a large number 
of belts of different design. This should lead to better values of 
K;,. 

A second direction for improvement would be a very thorough 
investigation of the correction factors which account for the 
nonunifgrm distribution of stresses and for the deficiency of the 
simple bending theory in describing accurately the bending stress. 
A more sophisticated stress analysis which would account for 
these deficiencies might be fruitful. While a beginning has been 
made along these lines, the investigation has not progressed suf- 
ficiently to be reported at this time. 

A third investigation which should improve the correlation is a 
statistical treatment of the data. The collection of data which 
will describe the statistical distribution of life for a given stress 
situation should lead to a family of S-N curves with probability of 
failure as a parameter. 

In conclusion it may be stated that the present investigation 
provides an improved design method for the selection of belts on 
the basis of life. This method has been used with considerable 
success by the authors in predicting the performance of belts on 
life tests. While the fatigue-strength curve was determined from 
test data obtained on the V-belts of one manufacturer, some life 
predictions for the belts of other manufacturers have been made. 
These belts were then tested to failure and the measured life was 
found to correlate well with the predicted life. 
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DISCUSSION 
L. J. Confer° 


This observer believes that the authors have developed the 
basis for a significant contribution to the objective of designing 
more economical and more satisfactory V-belt drives. Skepti- 
cism is largely the immediate reaction to the proposition of a 
horsepower-life relationship seemingly based exclusively on the 
stress life of the cords or load carrying component of the V-belt 
because the V-belt engineer who is guided primarily by practical 
experience knows that failures of the other components are often 
the cause or seem to be the cause of belt failure. Frequent other 
failures are in the covers, the gums above and below the cords, in 
the adhesions, and so forth. 

However analysis of these failures of the other components 
often reveals that they are more closely associated with cord 


‘failure or cord deterioration than might have seemed to be the 


case from a superficial examination. Furthermore, it might 
reasonably be concluded that chronic failures in some component 
other than the cord with a V-belt of a given design and construc- 
tion are an indication of research and quality development still 
remaining to make the belt as a whole equivalent in stress life to 
that of the cord component itself. To an observer who has had 
the longstanding opinion that the V-belt industry as a whole 
has done a better job in developing the quality of the product than 
in developing drive design technique, it is an interesting turn of 


5 Manager, Belt Engineering Department, The Dayton Rubber 
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events that a research investigation intended to add to drive 
design knowledge would result in some cases in an accusing finger 
being pointed at the product development work. 

However, if this observer is right in the opinion that a better 
job has been done in product quality development, there are 
several possible reasons to account for the fact, only one of which 
seems to be relatively pertinent in this comment. 

In the earlier days of the V-belt industry the V-belt manufac- 
turer was rather acutely aware of the complex and heterogeneous 
structure of his product, and of the capriciousness of the two 
basic raw materials—rubber and cotton—still recognizable as 
products of nature at the time of their use. Therefore, it came as 
no particular surprise to the V-belt development engineer that 
belt life in accelerated laboratory testing varied between extremes 
in aratio of atleast 5:1. V-belt engineers said that this was to be 
expected and that because of this dispersion belt life could not be 
predicted on laboratory tests with controlled conditions and 
therefore could not be predicted in actual service where the 
conditions were not controlled. Therefore, generally speaking, 
the V-belt engineer expended major effort on product quality 
development and not so much on quantitative investigations of 
product behavior under various conditions. 

We are not overlooking, however, what has been done in 
investigating the horsepower-life relationship to help in more 
accurate drive design. As a superficial manifestation, for 
example, the horsepower rating table in one belt manufacturer’s 
1932 manual for industrial belts contained 31-hp values for the 
*‘A’’ cross section to cover all conditions of speed, diameters, 
belt length, and so on. (By 1932, incidentally, V-belt 
quality development had become a pretty well-established 
activity.) This same belt manufacturer’s 1955 catalog contained 
over 800-hp values in the horsepower rating tables for the 
A-cross section for the same range of speeds and diameters, 
with accompanying additional HP correction factors. Those 
familiar with the basis for designing V-belt drives know that this 
comparison does actually represent significant progress in the 
development of V-belt drive design knowledge. There have been 
notable contributors to this progress. It has been recognized in 
and yet kept on a stable basis by the joint standardization efforts 

of the V-belt Technical Committee® of the Rubber Manufac- 
turers Association, Inc., and the Multiple V-Belt Drive & Mechani- 
cal Power Transmission Association. In the early 1940’s, horse- 
power ratings for industrial or multiple V-belts evolved from this 
standardizing work based on a horsepower formula developed 
analytically by R. F. Vogt.? Perhaps about this same time the 
V-belt development engineer lost some of his inferiority complex 
in coming to the realization that the lives of V-belts in laboratory 
testing do not have any greater spread than some other products 
whose manufacturing was thought to be amenable to greater 
controls. Since the adoption of the Vogt formula, notable con- 
tributions have been made to later developments and refinements 
by D. L. Kessler,’ W. 8. Worley,’ E. G. Kimmich, A. J. Garbin,!! 
James Adams, Jr.,!? and others, in the V-belt and multiple V-belt 
drive industries. 

6 V-Belt Manufacturers represented on the V-Belt Technical 
Committee: Boston Woven Hose & Rubber Co., Dayton Rubber Co., 
Durkee-Atwood Co., Firestone Industrial Products Co., Gates Rubber 
Co., The B. F. Goodrich Co., Goodyear Tire and Rubber Co., Ray- 


bestos-Manhattan, Inc., Thermoid Division, H. K. Porter Co., Inc., 
and United States Rubber Co. 

7 Chief Consulting Engineer, Allis-Chalmers Manufacturing Co. 

§ Manager, Product Application Division, Technical Dept., Gates 

Rubber Co. 

* Chief Engineer, Product Application Division, Technical Dept., 
Gates Rubber Co. 

10 Chief Engineer, Industrial Products Development, Goodyear 
Tire & Rubber Co. 

11 Senior Project Engineer, The B. F. Goodrich Co. 

12 Chief Engineer, Research & Product Design, Raybestos-Man- 
hattan, Inc. 
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The present investigation seems significant to this observer in 
the development of one formula applicable to belts of both single 
layer and multiple layers of cords, in the inclusion of the constant 
K, as a modifying factor for the stress of the fibers of the outer 
cords when bending under tension, and in the inclusion of the 
further flex stress modifying constant K; to take into account the 
fact that all the cords across the width of the belt are not equally 
stressed when the forces are transferred between the pulley and 
the belt. This latter modifying factor K; is particularly impor- 
tant for variable speed belts whose width to thickness ratio is 
much greater than for conventional V-belts. As V-belts are 
normally constructed, the wider they are the more ultimate ten- 
sile strength they have. However, it has long been recognized 
that the considerable tensile strength of a wide variable speed belt 
is misleading as to its relative horsepower capacity and accurate 
modifying factors have been needed. That the cords centrally 
located laterally within the belt are of negligible load carrying 
value was the premise of the design of the Goodyear wedge belt 
introduced in the 1940’s but the design principle of the belt was 
generally described as being to minimize as much as possible the 
portion of the belt which did not receive side-wall support in the 
pulley groove. The present investigators emphasize the varying 
distance of the cords from the pulley surface as the reason for the 
difference in the load shared among the cords. The relative im- 
portance of the two concepts may be unevaluated if the modifying 
factor is determined largely empirically but further refinement 
might result from analytical evaluation. 

The formula for the horsepower-life relationship resulting from 
the present investigation may very well have the result of showing 
the benefits of using larger pulley diameters with present con- 
ventional V-belts. For example, conventional practice has been 
to direct the use of the ‘‘B’’ cross section industrial belt within a 
diameter range of 5.4 to 7.0 inches for the small sheave of the 
drive. The 5.4-in. diameter is the recommended minimum and 
7.0 in. is the maximum diameter for which the application of 
current HP formulas has been recommended. For such a narrow 
diameter range the justification for the existence of the “B’’ 
cross section might seriously be questioned. This 7.0-in. diam- 
eter has been somewhat arbitrarily established as maximum for 
HP credit by the philosophy that the validity of current horse- 
power formulas is dependent on experience from actual usage, 
and the experience base has generally not been beyond 7.0 inches. 
A limited number of performance data have tended to confirm the 
doubt of the validity of the current formulas for large diameters 
and at the same time has served to indicate the greater validity 
of the formula of the present investigators. 


E. G. Kimmich?® 


These comments are directed more toward the process of 
establishing or modifying standard ratings than toward a critical 
analysis of this new method, the latter being scarcely possible 
without knowledge of the experimental constants involved. 

A quick reference to some of the history of multiple V-drive 
horsepower ratings and the thinking upon which they have been 
based should be useful. It appears obvious that if the horse- 
power capacity for satisfactory performance on even one drive is 
known and, assuming that all the circumstances of this drive are 
also known, it should be possible to state the horsepower capacity 
of any drive using the same cross section and quality of belt for 
equal satisfaction in operation. This, of course, requires knowl- 
edge of the response of the belt and pulleys to changed conditions. 

Another point perhaps not quite so obvious is that the universal 
desire for ease in obtaining suitable replacements dictates that 
rating systems give at least reasonably satisfactory results if the 
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parts are replaced with the products of any of the reliable and 
experienced suppliers. Therefore, a standard rating system 
becomes principally a guide to machine designers to find easily 
the optimum size of belts and pulleys, belt speed, number of 
grooves, and so on, to provide satisfactory drives without de- 
pendence on limited sources of the parts. 

Prior to 1939 a number of independent rating systems were in 
use with considerable variation in recommendations and much 
confusion resulting. The need for standardization was recog- 
nized. About this same time, Dr. Robert Vogt, of the Allis- 
Chalmers Manufacturing Company, suggested a system based on 
peak allowable tension from which were deducted the bending 
tension and the centrifugal tension, the balance being useful for 
power transmission after making proper allowance for slack side 
tension. 

It was found that two arbitrary constants were required in the 
Vogt system, both based on field and laboratory studies by all the 
participating members. One of these constants was the peak 
tension to be allowed and the other, a correction factor applied to 
the bending tension calculated from the modulus of elasticity of 
the cords and suggested by Dr. Vogt, himself. 

There were later modifications but the rating system thus 
standardized has been reasonably successful across the wide range 
of driving conditions that may be selected. Undoubtedly further 
improvement is possible, and it is probable that the approach 
used by the authors will point the way. 

I call attention to the fact that four correction factors have 
been found necessary by the authors as compared to the two 
previously used. Accurate determination of the correction con- 
stants for the various constructions of belts that must be accom- 
modated will leave little room for doubt that additional accuracy 
across the broad range of applications can be attained. 

The authors have indicated that a start has been made in testing 
their method with other makes of belts. Much additional 
testing in many laboratories and several surveys of field condi- 
tions will be necessary to meet what can be regarded as the 
minimum requirements of a new standard rating schedule. 


Wm. Spencer Worley'* 

The authors are to be congratulated on an excellent report of 
their research program on V-belt failure. The V-belt itself and 
the mechanics by which it co-operates with the sheave to transmit 
power constitute a little understood machine element of intri- 
guing complexity. 

While this discussion may show that we do not necessarily 
agree with some assumptions made by the authors—particularly 
with respect to the analysis of bending stress—we certainly 
welcome the independent verification of our findings as to the 
validity of a stress-fatigue approach to V-belt failure and appreci- 
ate the complexity of the problems which the authors have so 
carefully attacked. We feel that several points should be 
brought out both to help in clarifying some of the concepts in- 
volved and to demonstrate that, when working with a structure 
as complex as a V-belt, different interpretations of the same 
process may still lead to substantially the same results. 

Figs. 1 and 2, together with equations (11) and (12), present 
some difficulty in interpretation. Po'nts 6 and c, Fig. 1, are 
shown well within the wrap of the belt on the pulley. If the 
tension increases continuously and monotonically from F, at the 
first point of tangency (2) to F; at the second point (¢,), then 
neither is the force at point b equal to F,, nor at point c equal to 
F,. Equations (11) and (12), however, imply the opposite, and 
Fig. 2 does as well, since each ordinate is plotted an equal height 
(Me/Ar) above the corresponding ordinate for the belt in the 
free span. 


14 Chief Engineer, Product Application Division, Technical De- 
partment, The Gates Rubber Company, Denver, Colo. 
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It is interesting to compare Fig. 10.% The stress pattern in Fig. 
10 was deduced in 1943, although it was not until 1955 that 
strain-gage measurements of a belt slowly rotating on a drive sub- 
stantiated all the important aspects of this pattern. Fig. 12 may 
be of interest in comparing the variation of stress deduced in 
1943 with that experimentally obtained by strain-gage techniques 
in 1958. 

While it is undoubtedly true that ‘failure frequently occurs in 
the top cords of a belt,’’ it is also true, as evidenced by the authors’ 
Fig. 6, that failures can and do often occur within other belt 
components as well. This, however, need not invalidate the use 
of an analysis of stress in the tensile section, and predicting there- 
from the service to be expected of a belt. The Gates Rubber 


18 W. 8S. Worley, ‘Design of V-Belt Drives for Mass Produced 
Machines,”’ Product Engineering, vol. 24, 1953, pp. 154-160. 


\ 
\ 
\ 
Tension from { 
bending oround 
« 
! \ by amount 
/ — 
\ Tp2 1 
/ ial 
sian from 
bending 
Tge around small 
sheave 


Tension 
increas: 


| 

| 

| 


Ta 


Tc 
a 8 c 4 


Fig. 10 Stress Variation in a V-belt drive (reproduced from Product 
Engineering, vol. 24, 1953) 


Fig. 11 Apparatus used for determination of strain in V-belts at upper 
edge of tensile section (insert: detail of gage mounting) 


FEBRUARY 1960 / 55 


Bas 
\ 
1; 
¢ e 
wiley 
/ \ / 
\ \ 
\ / 
amount! 
| 
E & 
ie. 


131" (Belt Pitch Length) 
BL 908 | 


Ta* 63.5 Ib. T, = 263.5 Lb. (Measured on Drive) 


Fig. 12 Experimentally obtained stress variation above tensile section of C-128 steel cable V-belt 


Company has been using such a method for over 16 years. 
They have rationalized this as follows: 

“This pattern (referring to a figure similar to Fig. 10) is charae- 
terized by a peak in the stress at each sheave, and the magnitude 
of the peak stress is seen to depend on the combined stress due to 
tight side tension, centrifugal force, and bending. (A similar 
conclusion may be reached by analyzing the stresses to which a 
plane of the belt below the neutral axis is subjected. The peaks 
through which each section of the belt passes during each revolu- 
tion are, of course, the compression stress peaks. ) 

“A typical stress-fatigue curve is based on hundreds of tests 
covering a sufficiently wide range of conditions that failure was 
experienced not only in the tensile section, but also in other belt 
components such as the cover, the undercord supporting section, 
or the adhesion gums holding the various structural elements of 
the belt together. Because stresses in these other components 
are proportional!® to stresses in the tensile section we were able 
to correlate fatigue life, in cycles, against peak stress in the 
tensile section. In this way, we established a composite fatigue 
curve which, while expressed in terms of stress in the tensile 
section, can predict the failure of a belt even when that failure may 
be caused by the fatigue of another component.” 

If this viewpoint be considered valid, then the testing referred 
to in Section IV, and the analysis made in Section VI, actually 
results in constants which reflect the performance of the belts as a 
whole, and not that of the tensile section only. 

It would be interesting to know whether the data in Figs. 8 and 
9 represent the same series of tests. If so, why does Fig. 8 show 
only two points with N greater than 108, while Fig. 9 shows 
either four or five with N greater than 108, 

A simple analysis can be made to confirm the authors’ conclu- 
sion that a straight tensile load on the belt is resisted almost 
completely by the cords. Consider a section of belt between 
pulleys under, say, total force F,. Each component of the belt 
is under the same state of linear strain, say, e,. Let us take E; 
as the elastic modulus of the ith component of the belt; A,, 
the area of the 7th component; gq, the number of components; 
E, the apparent modulus of the belt as a whole; and A, the are: 
of the belt as a whole. Then we have 


F, = EAe, = = e ZEA, (43) 
or EA = ZE,A, = E\A, + E,A 


The tensile cord then takes the fraction of any tensile load given 
by: 

16 ‘Proportional’? was used loosely, not mathematically, in this 
sentence. 

7 W. S. Worley, ‘‘The Application of V-Belt Drives to Slush 
Pumps,’’ ASME Paper No. 54—Pet-28, presented at the Petroleum 
Mechanical Conference of ASME, Los Angeles, Calif., September 
29, 1954. 
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FE, A, B.A; 
EA 

The experimental findings reported by the authors are in good 
agreement with values computed by equation (44). 

When this simple approach to the elasticity of a composite 
structure is used as a means to investigate bending stress, several 
points unreported by the authors show up: 

(a) The neutral axis cannot be assumed to lie at the center of 
the cords. (This, of course, would be true even if a cord were 
considered a homogeneous beam bent while under longitudinal 
tractions.) It is, rather, slightly below the center of the cord. 

(b) While the cover and the rubber support under the cord 
section make a very small contribution to the straight tensile 
characteristics of the belt, they make a large contribution to 
bending stress because of the high modulus of elasticity exhibited 
in compression, and because their geometric centroids are located 
at much greater distances from the neutral axis. 

(c) The bending tension on the cord may be written as 

2f E,A\(kit — kt) 
Bending tension = ——— d (45)'8 


where 


E,A, = area~-modulus product of tensile section 


kit = distance of centroid of tensile section from bottom of 
belt 

kt = distance of modulus-weighted centroid of belt (con- 
sidering all components) from bottom of belt 

d = pitch diameter of sheave 

f = experimentally determined stress modification factor 


(d) As indicated in (45) some modification of the bending 
stress has been found necessary. The analysis indicated does 
not, however, indicate that this modification factor depends on 
T, + T,. In other words, we should expect the exponent m in 
the authors’ Equation (15) to be zero. Their Ky would then be 
found to be dependent on belt construction as a whole, and not 
only upon the tensile section. Our opinion is that AK» would 
also be found dependent on K;, the constant which takes care of 
the unequal distribution of forces among the cords. We cannot 
substantiate this statement analytically at this time. 

We are impressed with the authors’ stress-coat technique used 
to show the unequal distribution of stress among the cords. 
The evidence for the persistence of this nonuniformity into the 
straight span is excellent. At the same time there appears to be a 
definite nonlinearity in this distribution. One may hope that the 
sophisticated stress analysis which has been begun may be more 
fruitful than the modest attempts we have made to explain this 
phenomena and its relation to the fatigue failure of a V-belt. 


18 See either reference cited. 
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The application of the theory of cumulative damage and the 
use of a stress parameter representing the corrected peak tensile 
stress as a fraction of ultimate stress have both been anticipated 
(as have so many of the other phases of this problem discussed 
by the authors) by others working on this problem. Both 
references cited consider the question of cumulative damage in 
some detail. .ach was written some years after this concept was 
developed, and each considers the phenomenon as a prelude to 
the practical application of the theory to the evaluation of a drive 
or the selection of a drive. 

The matter of using a single parameter representing the peak 
stress as a fraction of ultimate strength was first disclosed in a 
report by our Company, dated September 10, 1947, to members of 
the V-Belt Technical Committee of RMA (of which the sponsor- 
ing company for the authors’ work is a member). This report 
was titled “Development of a New Theory for the Design of V- 
Belt Drives.’’ It stated: ‘An analysis of the production control 
testing done in Gates’ laboratories for the seven years preceding 
the development of the theory to this point showed that, if the 
peak stress in the belt were expressed as a fraction of the ultimate 
strength, then there is a relationship between the peak stress and 
the number of stress cycles which the belt will withstand before 
failure.” 

Both these matters were, in fact, also considered in a report 
prepared by the V-Belt Technical Sub-Committee on Improved 
Horsepower Ratings of which the subject company was a member. 
This report, titled ‘‘Detailed Report on Horsepower Ratings for 
Industrial V-Belt Drives,’’ and dated June 14, 1950, was the 
basis on which improved industrial V-belt horsepower ratings were 
adopted in 1951 by the V-belt manufacturers. 

The Gates Rubber Company has used two types of stress- 
fatigue equations. In the authors’ terminology these are: 


Type I: log Q’ = A + log N-8 


Type Il: Q’ = A + log N~8 |which is the form of the authors’ 
equation (33) | 


A Type I equation is the basis for horsepower ratings shown in 
Engineering Standards for Multiple V-Belt’ Drives, September 
15, 1955. This type equation is also used as a basis for Gates 
Bulletin DH-674, “How to Design V-Belt Drives for Farm 
Implements,” copyright 1954, 1958 and DH-850, ‘“‘How to Design 
V-Belt Drives for Heavy Machinery,” copyright 1956, 1957. 

The Type II equation has never been adopted by the V-belt 
industry for any standard ratings or design methods. It is used, 
however, as the basis for such manuals as Gates DH-658, “How to 
Design V-Belt Drives for Automotive Accessories,’ copyright 
1953, 1954, 1956; DH-675, ‘How to Design V-Belt Drives for 
Light Machinery,” copyright 1952, 1954, 1956; and IDH-900, “The 
Modern Way to Design Multiple V-Belt Drives,’’ copyright 1959. 

If we write out the authors’ Equation (38) in terms of drive 
parameters—ignoring, as did the authors, the process by which F,, 
of Equation (25) disappears—and combining constants (which 
will, of course, make the combined constants functions of belt 
cross section), we get, for a two-wheel drive: 


HP 


C. 
log N = C, - = (Z(HP/V) + V2)" — CG; 
ay 
(HP /V) + V4} — 1] 
— log L1 + 10% 
The fatigue rate equation of Gates Bulletin DH-658 can be applied 
to the same problem to give: 


1k 


HP C3 
log N = C, — C3 CW? oe + 10% 
1 
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These two equations differ in form only in the use of the factor 
|[Z/HP/V) + V?)" as a bending stress modification factor. 
For the case m = 0, they are, of course, identical in form—and 
we have outlined the reasons for our belief that this is indeed the 
case. 

We see, then that the present investigation seems amply to 
confirm the ideas which we have applied successfully for so many 
years to the design of V-belt drives. We are greatly encouraged 
that the five factors in the fatigue concept of V-belts which the 
authors list in Section IV (the same factors with which we have 
worked) were found not only necessary for a successful stress- 
fatigue interpretation of V-belt behavior—but were also found 
sufficient. We agree that there is a need for a more thorough 
investigation of the bending process, but feel that an equally 
thorough investigation of stress distribution among the cords 
would also prove fruitful. 

As an organization which has actively investigated fatigue life 
of V-belts for over 17 years, and has applied this concept 
to the design of V-belt drives and the prediction of service life 
of such drives, The Gates Rubber Company congratulates the 
authors on the scope of their work and the Dayton Rubber 
Company for the support of this research. 


K. T. Yang and R. G. Thompson” 


The authors are to be complimented on their attempt to further 
develop the quantitative relationship between horsepower and 
life of a V-belt drive. The large volume of experimental data 
that have been analyzed with respect to so many variables 
definitely contributes to the advance of the state of the art. 
However, there are certain points in the paper which require 
clarification and discussion as follows: 

(1) The empirical constants in the main results, Equations 
(33) and (38), are not indicated. This is especially unfortunate 
to a design engineer who wishes to predict the life of belts made by 
manufacturers other than the manufacturer of the belts which 
were tested. The authors have indicated toward the end of 
the paper that their life prediction works equally well with these 
other belts. It would increase the merit of the paper greatly if 
the numerical values of these constants are given. 

(2) The authors have also overlooked one important item in 
the presentation of their semiempirical results. They have 
failed entirely to indicate specific ranges of variation of the 
operating parameters, within which their results are valid. 
These parameters include types of belt, pulley diameters, belt 
velocities, pulley torques, and pulley-shaft reaction forces. This 
information is extremely important in the application of their 
results to actual cases. 

(3) In particular, the range of validity of the stress cycle N as 
represented by the linear approximation in Equation (33) is not 
specified. By examining Fig. 9 in the paper, it appears that this 
range could not be too wide. The plotted values shown are 
almost all concentrated within the region N = 10? to N = 108, 
The validity of this linear approximation is expected to be 
limited in view of the usual asymptotic nature of the S-N curve. 
Therefore, it seems that the authors’ semiempirical results are 
only valid for relatively narrow range of life predictions. 

(4) There is an apparent inconsistency in the authors’ 
Equation (38) for predicting the life of the belt in a two-pulley 
drive system. This equation has been derived by inserting 
Equations (37), which is only valid for a contact angle of 180 
deg, or equal pulley diameters, into the cumulative damage 
Equation (36). Therefore, Equation (38) can only be valid for 
d, = d; in which case this equation reduces to 


19 Engineering Department, Dodge Manufacturing Corporation, 
Mishawaka, Ind. 
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log .\ (10.74 log 2) = i y + J 


(HP 
— ) + (46) 


Incidentaily, the definition of 8 in Equation (41) is in error due to 
the omission of factor n,. Furthermore, in order to be consistent 
with Equations (39) and (40) the term g should not be combined 
with the constant, but 8 should be of the form 


_ 1.48 X 108 


8 (47) 


(5) A horsepower rating equation based on belt life for certain 
new industrial V-belt cross sections was presented in December, 
1958, to the joint RMA and MVBD Engineering and Research 
Committee for circulation among the members. This equation, 
when modified slightly with symbols used in the paper, assumes 
the following form: 


HP = V (48) 
= a: — a, log — — — — av? 
2 log I d 4 ( 


4 


where @, 2, a3, and a, are all empirically determined constants 
and are generally functions of belt construction. It is very 
interesting to note that Equation (46), which is based on Equation 
(38), reduces to an identical form of Equation (48) with the em- 
pirical constant m equal to zero. It is thus beyond any doubt 
that the authors’ analysis has already been utilized in developing 
the foregoing horsepower rating equation. The only new approach 
used by the authors is in dealing with a somewhat more general 
correction factor, Equation (15), on the bending stress term in 
the analysis. The justification of using this factor lies entirely 
on the magnitude of the empirical constant m. Unfortunately, 
no appraisal can be made, as the numerical values of these con- 
stants are not shown in the paper, nor is there any information 
given to justify the use of such a form. 

(6) In Figs. 8 and 9, the authors have shown several envelope 
curves. However, no mention whatever is made in the text as 
to their origin and significance. 


Authors’ Closure 


The authors wish to thank the discussers for their very thought- 
ful and searching comments about the paper. 

The remarks by Mr. Confer and Mr. Kimmich are very helpful 
in providing a historical backdrop for the work reported in the 
paper. These comments point up the fact that the research out- 
lined in the paper deals with a solution to a problem toward 
which many other investigations of the past have made valuable 
contributions. The authors’ results must inherently be similar, 
in many respects, to results obtained by others faced with the 
same problem. However, the new ideas used in the present 
analyses yield a different design equation which leads to life-pre- 
dictions which agree more closely with a wider range of experi- 
mental data. 

The authors agree with many of Mr. Worley’s comments. In 
particular, they agree that several of the relationships reported 
herein are similar to corresponding relationships previously 
derived. However, on the grounds that the equations presently 
in use by the industry are not entirely adequate, it was felt 
that the analyses should be carried through from fundamental 
principles. Naturally, many of the derived relationships coin- 
cided with those previously derived, but of greater importance, 
due to improved assumptions, the analyses did deviate from 
prior work in certain important areas. In particular, it is be- 
lieved that the authors’ bending analysis has proved to be a 
significant advancement. 
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The relative merits of the various assumptions can only be 
judged on the basis of the degree of correlation obtained between 
the resulting equations and experimental data. There is ample 
evidence that the present authors’ equation, when applied to 
data from tests of the sponsoring company’s belts, gives better 
correlation than do the other equations. As was reported in the 
VII Discussion, similar superior correlation is indicated for belts 
of other manufacturers. 

It is true that the neutral axis of a beam bent while under ten- 
sion would not lie at the centroid of the beam. However, this 
would not invalidate the bending analysis, even as it would not 
invalidate Mr. Worley’s Equation (45), because the components 
of stress were computed separately and added to obtain the 
whole. In the bending analysis, the only use made of the tight 
side and centrifugal tensions was as a correction factor to the 
bending modulus. 


An analysis made by the authors shows that the distance 
(kit — kt) in Worley’s Equation (45) is a small fraction of the 
diameter of a cord. In other words, the distance from the outer 
fibers of the cord section to the neutral axis, as defined by Worley, 
differs only by a very small amount from the corresponding dis- 
tance as defined by the authors. Since the autiors’ analysis dealt 
only with the distance from the neutral axis to the most severely 
stressed fibers, the small error in location of the neutral axis was 
considered negligible. 

Worley’s Equation (45) obviously involves the assumption that 
the bending stress at the geometric centroid of the cord section is 
the average of the stresses in the cords. Since the neutral axis 
lies very close to the centroidal axis the average bending stress in 
the cords is nearly zero and hence has no real significance. Since 
it is the stress in the outer fibers that is critical, the factor f must 
account for the difference between the high critical stress and the 
near-zero average stress. It must also account for initial curva- 
ture of the belt, belt construction and, it is contended, it must 
account for the cord modulus varying with tension. 


It is interesting to note that, if a belt were built entirely of 
cords, Equation (45) would predict a zero stress in the cords due 
to bending. 


Since f depends upon so many variables, and since it must be 
large in order for the bending stresses, as defined by Equation 
(45), to be significant, it might be difficult to see the dependence 
upon + JT. Obviously, the dependence of upon T; + 
will not be observed in an analysis which assumes FE, to be a 
constant. 

In answer to the remarks by Mr. Yang and Mr. Thompson, 
that values of the constants a, a», 8, and m should be included, 
it must be appreciated that these constants are dependent on 
belt material and belt construction. These constants vary as 
new belt constructions and belt materials are developed and as 
additional data are made available. Thus since materials and 
constructions change from time to time it was felt that no sig- 
nificant purpose would be served by including these values in the 
present paper. 

The range of variation of the drive parameters involved in the 
experimental verification of the analysis included most of the 
practical range and in addition several extreme values of ac- 
celerated-life testing. Since the analysis was primarily theoretical, 
with only the constants determined experimentally, it is assumed 
that interpolation or extrapolation to points moderately removed 
from the experimental range is permissible. Since the maximum 
practical design life of a V-belt is approximately 10° cycles, 
the degree of extrapolation required is seen to be small. 
Equations (37) are correct as given for an i-pulley drive with the 
pulley diameters not necessarily equal. However, the value 
of Qp to be inserted in Equation (32) should be 
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as can be seen from a development similar to that used for Equa- 
tion (25). 

The values of Qc and Qz are not dependent upon speed ratio 
and are therefore correct as given in Equations (26) and (27). 
With an assumed tension ratio, 7;/7'; = 5, Equation (37), then 
reduces to Equation (38). 
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There should be no factor n, in Equation (41). However, the 
point regarding g is well taken and Equation (41) should read: 
1.48 X 108 K.g 
w 
The assumption that m = 0 is inconsistent with the data. 
The use of a nonzero m gave excellent correlation, while the use 


of equations based on the assumption that m = 0 led to con- 
siderable scatter of the data points. 
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Edge Influence Coefficients for Toroidal 
Shells of Positive Gaussian Curvature 


Tables are given for the edge deformations of constant-thickness toroidal shells subject 


to uniform pressure and edge bending loads. Over one hundred different shell geometries 


were investigated and the results are presented in dimensionless form. 


Possession of 


these coefficients, which were obtained on a digital computer, means that a rapid and 
accurate formulation of the conipatibility equations at toroidal shell junctions is now 


possible. 


Introduction 


A PROBLEM WHICH FREQUENTLY arises in many in- 
dustries is the determination of the stress distribution in the 
toroidal shell transition elements shown in Fig. 1. The vessels 
have been shown subjected to uniform internal pressure but 
equally challenging problems arise when the vessels are subjected 
to axisymmetric temperature distributions. 

When either a pressure or thermal load is imposed on the vessel, 
its constituent parts will undergo different elastic displacements 
and rotations. Since all the parts of the vessel have to fit to- 
gether eventually, this means that axisymmetric edge moments 
and edge transverse shears will be produced at the junctions of 
the various shells. Before obtaining the final elastic stress dis- 
tribution the analyst- must determine these edge bending loads. 

The usual method for finding these edge loads is to equate the 
displacements and rotations of contiguous shells in terms of the 
unknown edge moments and shears, the internal pressure, and 
the temperature distribution. The formulation of these equa- 
tions is a relatively simple matter if the edge influence coefficients 
for the various shells are readily available. (By edge influence co- 
efficient is usually meant the displacement or rotation at an edge 
due to a unit moment or shear applied at that edge or the far 
edge. Herein it will also be taken to mean the displacement or 
rotation at an edge due to pressure; obviously, it could also be 
extended to include the effects of temperature. ) 

Some of the shells for which the edge influence coefficients are 
available are cylinders [1],' cones [2], hemispheres [1], hemispheres 
with crown openings [3], spherical caps [1], and soon. Unfortu- 
nately, they are not generally available for toroidal shells, although 
Clark [4] gives them for a special case. Thus when toroidal 
shells form part of a structure the stress analysis becomes some- 
what complicated as the requisite edge coefficients have to be 
calculated from one of the available bending analyses of toroidal 
shells. 

One of the most accurate approximate bending analyses of 
toroidal shells is due to Clark [4]. Other accurate analyses, more 
recent than that of Clark’s, are due to Kornecki [5] and Naka- 
mura [6]. A more approximate method (similar to a Geckeler 
approximation) is obtained when the work of Horvay, Linkous, 
and Born [7] is specialized to apply to toroidal shells. The re- 
spective accuracy of the analyses given in references [4 and 7], 

1 Numbers in brackets designate References at end of paper. 

Contributed by the Petroleum Division and presented at the 
Petroleum-Mechanical Engineering Conference, Houston, Texas, 
September 20-23, 1959, of THe AMERICAN SocieTY OF MECHANICAL 
ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
25,1958. Paper No. 59—Pet-2. 
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when compared to a numerical integration of the relevant dif- 
ferential equations, has recently been discussed in reference [8]. 

Another topic of interest concerns the edge influence coefficients 
due to uniform pressure. A procedure frequently adopted in this 
case is to assume that these coefficients are approximately given 
by the membrane solution. Sometimes the membrane rotation 
is neglected and sometimes it is not. For toroidal shells, how- 
ever, it has recently been shown that use of either of these ap- 
proximations can lead to significant errors in the final stress dis- 
tributions [9, 10]. 

Thus, the situation with respect to stress analysis of toroidal 
shells may be summarized as follows: 

(a) The edge influence coefficients due to edge moments or 
shears can be found from the analyses of Clark? or Horvay, Lin- 
kous, and Born. The former methed is the more accurate of the 
two but takes longer to apply; however, neither method can be 
considered rapid. For toroidal shells of the type shown in Fig. 
1(a) both methods involve an integral tabulated by Clark. For 
toroidal shells of the type shown in Fig. 1(b) a similar integral 
appears. However, it does not appear to have been tabulated. 
It occurs in both methods and some integration scheme, such as 
the Gaussian, has to be used to evaluate it. 

(b) Use of the membrane solution cannot be regarded as a 
satisfactory means for determining the edge coefficients due to 
pressure. 


Purpose and Scope of the Present Work 


The aims of the present work were to determine accurately the 
edge influence coefficients for toroidal shells due to bending loads 
and to uniform pressure. The classical small-deflection differen- 
tial equations for a toroidal shell element subjected to edge bend- 
ing loads and uniform pressure were integrated numerically using 
an ElectroData electronic digital computer. One hundred and 
twenty-five shells were investigated in all, and the ranges of the 
parameters covered were as follows (see Fig. 2 for notation): 


b/h = 10, 20, 30, 40, 50 


= 4,5, 6,7,8 
$2 = 75°, 60°, 45°, 30°, 15° 
= 90° 


The toroidal shell elements considered in this paper were of the 
form shown in Fig. 1(a), i.e., the Gaussian curvature of the shells 
was positive. Similar computations have also been carried out 
for toroidal shells of the type shown in Fig. 1(b), and these are 
given in the companion paper [11]. 


2 Or, alternatively, from the analyses of Kornecki and Nakamura. 
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(a) Positive Curvature 


Fig. 1 


In both papers the governing differential equations were 
rendered dimensionless, as were the resulting edge influence co- 
efficients. Thus the results given apply to many more shells than 
those investigated. 

It will be seen that the possession of these edge influence co- 
efficients enables a designer to formulate the edge compatibility 
equations for toroidal shells subjected to bending loads and uni- 
form pressure by the simple expedient of consulting a table. Thus 
it is now easier to find the edge coefficients for the complex 
toroidal shells than for cylinders, cones, and so on. 

It is also to be noted that if the toroidal shell is subjected to an 
axisymmetric temperature distribution, then the tabulated co- 
efficients for edge moments and shears still apply. It is, how- 
ever, necessary to determine the edge coefficients due to tem- 
perature. The differential equations for this case can be obtained 
by specializing those given in references [12 or 13]. 


Differential Equations of Equilibrium Used in Analysis 


The differential equations of equilibrium for a constant-thick- 
ness toroidal shell subjected to uniform internal pressure and 
edge bending loads may be written as (see Fig. 2 for notation): 

L(Z) — - —Z=G4 1 
(Z) (1) 


where 


cos 
y¥+sing 


E cos ) 
y¥+sing| 


[m(b/h)? — v2]'/2 

12(1 — v?) 

a/b 

pb?/2 (y cot d/sin $)(2y/sin @ — 1) 
uniform internal pressure 


Poisson’s ratio 


Fig.2 G 


try of a toroidal shell 
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(b) Negative Curvature 


Illustrating the use of toroidal shells as transition elements between cylinders, cones, etc. 


and the primes denote differentiation with respect to @. 
The dependent variable Z is defined by 


Z=U+kvV (3) 


The quantity U in Equation (3) is proportional to the trans- 
verse shearing force and V is the rotation of a tangent to a 
meridian (considered positive when the positive semitangent 
turns inward). The constant k is given by 


k = —D/b(v + ip?b) (4) 
where 
D = Eh*/12(1 — v?) = bending rigidity of the shell (5) 


If the two linearly independent solutions of Equation (1) are 
denoted by 


A=nt+in +(P + 6) 


Z: Xe + ty2 + (P + iQ) 
where (x + iy) is a homogeneous solution of Equation (1) and 


(P + iQ) is a particular solution, then the solutions for U and V 
may be written as? 


U = Ayr, + + + Boyz + P — vQ/p?b (7) 
Eb?V(h/b) = — + Bi(vy, + 
+ — p?by2) + + — (8) 


where A, ... are arbitrary constants. 


Knowing U and V, the stress resultants can be found from the 
following relations:4 


+ sing 
—U' + pb?/2(1 — y?/sin? >) (b) 


cos 
+sing (c) 


U + pb?/2(1 + y/sing) (a) 


— Eh?/m*(h/b) [ 


+ sin d 


sing 
+ sin 5) U (e) 


— Eh?/mh/b) [4 V+ v"| 


U 
bQy/sin = (f) 


+See references [10 and 14] for a more complete discussion of this 
solution. 


4 The N's, M’s, ete., are per unit length. 
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where 


Ng = meridional direct stress resultant (+ when tensile) 


Ne = circumferential direct stress resultant (+ when tensile) 

Mg = meridional bending stress resultant (+ when producing 
tension on inner surface) 

Me = circumferential bending stress resultant (++ when pro- 
ducing tension on inner surface) 

Q~ = transverse shearing force 

Hy = shearing force perpendicular to the axis of revolution = 
Q¢/sin 


The displacement perpendicular to the axis of revolution 6 of a 
point on the shell (considered positive outward) is given by 


Ebé = (b/h\(y + sin — vbNg) (10) 


Determination of the Influence Coefficients 


By setting pb?/2 = 1, it will be found that the nonhomogeneous 
differential Equation (1) then involves only y, b/h, and @. Two 
linearly independent, homogeneous solutions and a particular 
solution of the resulting equation are then desired. These solu- 
tions were obtained by making the substitution Z = x + zy in 
Equation (1), separating the real and imaginary parts, and inte- 
grating the two resulting second-order coupled linear ordinary 
differential equations on an electronic computer. The integration 
scheme used for the three solutions was the Runge-Kutta method; 
the step-length employed was '/. degree. 

Having determined the three solutions, the next problem is to 
determine the constants A, .. 3B: appearing in Equations (7) 
and (8). To accomplish this Equations (9c) and (9f) are used 
in conjunction with the boundary conditions of the problem. 
These latter are shown in Fig. 3. Equations are thus obtained 
which are of the form: 


bHo = + aeB, + ay;A2 + ayB. + dD, 
Moy = + + + + bo 
bHg2 = + ayBy + + + | 
My; = 4 


(11) 
aA, 4+ + + bs 


The system of Equations (11) can be represented more con- 
veniently by 


| 

/ j 

Mg, 


Fig. 3 Boundary conditions of problem 


LINE 1: = 1 LINE 2: Mg = LINE 


Fig. 4 Edge loadings considered in influence coefficient tabulation 


where the vector x represents the edge moments and shears, y 
the constants A; ... B:, and 6 the particular integrals; the ele- 
ments of the square matrix, a, are obtained from Equations (9c) 
and (9f) and the numerical integration results. 

Solving Equation (12) in the usual way, one obtains for the 
constants A;, and so forth 


{y} = [a-}{x} — {0} (13) 


The edge influence coefficients are then obtained by using 
Equation (13) in (7) and (8) and then employing Equations (9) 
and (10). In order to avoid using a specific value of b the quanti- 
ties calculated were Eb?V and Ebé, where V is the rotation of a 
meridional tangent and 6 the displacement perpendicular to the 
axis of revolution. 

These edge influence coefficients of deformation, for the shells 
investigated, are given in Tables 1 through 5. It will be seen that 
the coefficients occur in groups of five. The five lines correspond 
to the five different loading conditions considered; these latter 
are shown in Fig. 4. 

To obtain either of the deformation quantities, say, Eb, we 
write the following equation: 


Eb6 = ( )bHo + ( )Moo + ( )bHg2 + ( \M + ( )pb?/2 (14) 


The parentheses indicate the edge influence coefficients for 
Eb6 which are tabulated in Tables 1 to5. Thus, given the quanti- 
ties b/h, y(==a/b), b, and p, it can be seen that the calculation of 
the edge displacements and edge rotations of a toroidal shell is 
now a very simple problem. 


Discussion of the Differential Equations Used in the Analysis 


The differential equations used to calculate the edge influence 
coefficients, i.e., Equation (1), is based on classical small-deflec- 
tion theory. The assumptions made in that theory and its 
limitations should be remembered when using the influence co- 
efficients. In particular, the following points should be checked 
at the end of an analysis: 


(a) That the shell deflections are small in comparison to the 
shell thickness. 

(b) That no portions of the shell are inelastic. 

(c) That the direct forces Ng and Ng are small in comparison 
with their critical compressive values. At the present time this 
may be difficult to do since an adequate buckling theory of 
toroidal shells under internal pressure and edge bending loads 
does not seem to be available. 


For thick shells, i.e., those in which the shell thickness is not 
small in comparison to the principal radii of curvature, it is 
probable that shear deformations are important. These latter 
have not been considered herein. However, they will be investi- 
gated in the near future. 

With regard to item (), if the final stress distribution in the 
shell should be substantially inelastic, then the limit load of 
the shell should be investigated. In this connection, the work 
of Drucker and Shield [15] should be of value. 

Creep effects have also not been considered in the present work, 
although there will be many instances in which they will be im- 
portant. 


bHg, = | LINE 4: Mg, = 1 LINE 5: pb?/2 = 1 


Transactions of the ASME 


— 
ay 
4 
: 
jes Moo | 
3 a 
| 
4 


Table 1 
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Edge influence coefficients for b/h = 10 


22122 
-170420 
21624 
168165 
-191.05 


22105 
-169340 
21729 
169960 
-191.55 


-5519.6 
31852 
-2703.8 
-31663 
1531.7 


5882.6 
-24325 
5205.6 
21159 
_ -438.09 


5687 
-21690 
5474.2 
24154 
446.23 


-3216.2 


3034.2 
| -10189 
2102.9 
586), .8 
\ -831.97 


-6229.7 
2583.9 
| 10279 
$98.25 


| 2570.7 


-2672.8 

5676. 
-1097. 
-5011. 
-2176. 


6 
2 
6 
6 


1145.1 
-4584.2 
2155.4 


f 2182.8 
| -7209.0 


688.34 
| 1%5-7 
-1594.7 
1416.1 
-2184.1 
1645.3 


7731.4 
-2017 .3 


1257.1 
-5003.2 
-3026.3 


1331.0 
-4189.2 
2416.1 
4699.1 
-15038 


-6412.2 
487 
549.21, 

\-3 734.4 


854.28 
-644 
4 1194.2 
1677.2 
~6586 .3 


1850.3 


-3068 .8 
4747.9 
-858.85 
4313.3 


935.92 
-2511.3 
1653.3 
-31715 
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-3832.7 31852" 43353 -7513.4 56625 -9814.1 71668 

22122 -245115 -333415 43353 -435330 56625 -550850 71666 

= 5C° ~1874.3 41205 42539 -3684.9 559622 -4817.5 7TC4S57 -6101.5 
-21954% 242720 330860 =-43143 -5639% 547965 -71415 
816.56 -368.49 -530.60 -2569.1 -993.77 -3988.1 -1474.4 -5847.9 
1887.1 31844 2719.3 43354 3702.9 56635 4836.1 71686 6124.7 
-21773 -244105 -31384 -332480 -§5860  -550050 -70724 hae 
= 75° 3736.4 31320 5388.3 42662 7341.9 55754 9597-2 1 215k 
21729 244565 331320) 333278 42662) 434595 55754 550020 705K 
869.37 -369.27 -1631.8 -631.71 -2738.6 -995.27 -4253.3 -1476.3 -6239.4 
“1961.6 8818.2 -2821.2 11417 -3837.5 14879 -5010.5 18804 -6340.2 
| 5882.6 -34203 8418.2 -4589e 11417 -59390 14879-74697 =18€03.7 
J, = 90° 891.19 7587.8 -1295.9 -1775.4 13678 -2329.9 17306 -2959.2 
| -5535.0 30899 -€0K8.6 42k99 -11025 55911 -14465 71133 -1836.9 
-784.15 846.26 -1469.1 -1449.7 -2461.9 -2286.e -3818.9 -3393.7 -5596.7 
915.73 8232.4 1325.5 11241 1810.1 14712 2369.5 3003. 
| 5348.9  -31605 -7761.1 -43329 -10615 -56664 -1391i -7220d -17549 
Jo = €0° 1769.7 7688.4 2559.53. 10700 3495.0 13976 4576.7 17693 5604.5 
| 5474.2 353989 7866.4 45632 10700 59084 13976 71:345 17693 
-1019.0 -855.1i -1914.4 -1465.8 -2307.c -4999.0 -3419.3 -7340.7 
-1380.0 -1972.3 5676.6 7330.4 -3481.5 9206.2 -4398.5 

3034.1 -13417 4okk.6 -17238 -21652 7330.4  -26661 $206.2 

J, = 50° -533.00 3147.6 -790.64 4392.4 5836.7 -1452.5 7480.3 -1856.7 bab: 

-2420.1 9007.8 -3604.1 12752 170% -6641.4 22037 -8493.5 
-699.27 -1616.2 -1303.5 -2784.1 -4403.3 -3367.3 6549.7 -492h.5 
566.15 3789.4 831.21 5230.5 6893.8 1507.7 8779.2 1919.2 Boer: 
-2233.7 -9470.1 -3309.2  -13309 -17745 -6058.5 -22778 -7732.0 
bo = 45° 1088.8 3644.1 1576.2 4902.0 6358.2 2826.4 8012.9 3589.3 Pr 
2583.9 13489 3644.1 17286 4902.0 21674 6358.2 26654 8012.9 
-1343.1 -1711.1 -2525.6 -2906.0 -b2b8.4 -4556.6 -6612.4 -6736.5 -9718.6 
1154.8 2981.5 1602.0 3837.0 -2154.3 4870.6 -2791.9 6042.6 3514.9 
2182.8 -8758.9 2941.5 -10665 3837.0 -12622 4870.6 -15263 6042.6 
J, = -330.91 1557.0 -509.27 2241.9 -723.24 3042.0 -972.55 3956.5 
“1274.4 3425.8 -1994.0 5194.7 -2656.1 7265.0 -3859.5 9632.9 
“471.59 -3163.8 -849.30 -5509.5 -1383.0 -8783.6 -2099.7 -13138 
367.68 2175.2 555.57» 3075.8 778.87 4116.8 1037.4 5297.5 
-1098.2 -3737.3 -1698.5 -5594.3 -7749.3 -10200 
= 30° 732.57 2243.3 1059.5 2950.7 1449.0 3769.0 1901.1 4699.1 
1645.3 9332.8 2285.5 11201 2950.7 :133K7 «3769.0 15775 
-2078.2 -3748.1 -3904.4 6264.7 6567.8 -9718.0 -10226 -14259 
1026.7 2457.0 -1428.5 3120.6 -1900.4 3883.8 -24k9.1 8747.0 
1890.3 -7438.9 2457.0 -8620.5 3120.6 -9969.0 3883.6 -i1490 
J, = -200.79 826.98 -325.14 1264.0 -476.57 1736.9 -654.47  230h.5 
727.64 1366.0 -1230.9 2396.7 1844.8 3628.3 -2566.1 5053.5 
344.74 -7739.5 835.22 -13835 1619.6 -22435 2758.9 -33946 
235.74 140k. 370.97 2063.35 533.01 2828.1 3697.4 

-572.82 -1558.5 -943.55 -2680.5 -1391.4 -3998.8 -1914.3 -5507.1 
go = 15° 496.32 1581.2 720.48 2033.2 987.78 2553.2 1298.6 3142.9 pe: 
1194.2 8759.4 1581.2 9971.7 2033.2 11335 2553.2 12862 
-4438.3 -11675 -8289.6  -16896 -1389.7 -26655 -2159%  -41357 
| 


Table 2 Edge influence coefficients for b/h = 20 ; 
y=h y= 6 y=6 
Eb“V Edd Eb*V Ebd Eb*V Ebd Ebd Eb*V Ebd 
44588 -7690.9 64096 -11071 87156 -15066 113770 -19676 143930 -24902 
-348025 44588 -497795 64096 -674850 87157 -879180 113770 -1110800 147930 
= 9° 43203 -3754.7 62434 -5420.1 85157 -7389.7 111390 -9663.4 141130 
| 335030 -43682 - 63349 661195 86366 865205 -112935 1096500 -143055 
-382.72 -1633.0 -738.39 -3063.2 -1263.8 -5137.9 -1991.9 -7975.6 -2955.4  -11695 
i 44183 3780.4 63710 5451.0 86789 7425.8 113420 9704.7 143600 12288 a 
= ~337330 43519 -4872h0 -62791 -664430 -85573 -868905 -111865 -1100700 -141670 
: fo = 75° 43799 7497.6 63029 1088 85770 112020 141780 24365 
347170 43799 496755 63029 673625 85769 877TT8O 112020 1109200 141780 
-384.41 -1738.9 -740.86 -3263.8 -1267.2 -5477.6 -1996.2 -8507.2 -2960.9 -12480 
12680 -4013.1 17769 -5736.1 23784 -7772.9 30727 -10124 36598  -12788 
-61085 12680  -80939 17769 -104400 23784 -131485 30727 -162190 38598 
= 9° 9957-8 -1732.4 14727 -2544.2 20386 -3506.6 26932 -4619.4 34364 -5882.6 
38176  -10584 57745-15618 80969 -21583 107835  -28478 138340 -36302 
-865.42 -1569.2 -1679.3 -2939.0 -2884.7 -4557.4 -7637.7 6773.4 -1119¢ 
10875 1780.1 15974 2602.3 22004 3575.0 28963 4698.1 36851 5971.5 
-39227 -10232 -5H64 -15064 -82549 -20783 -109670 -27390 -140h30 -34884 
= 60° 11826 = 3619.5 16631 5202.7 22318 7078.2 28890 9246.1 36346 11707 
va 61215 11826 81009 16631 104400 20318 131410 28890 162030 36346 
-908.89 -2039.9 -1739.7 -3831.7 -2963.1 -6436.6 -4655.0 -10005 -6891.3 -14689 
7837.4 -3000.2 10309 -b194.0 13208 -5602.0 16542 -7225.4 20316 -906h.9 
-37573 7837.4 10309 -52186 13208 -61158 16542 204 20315 » 
= W° 3390.2 -926.41 5437.1 -1456.2 7501.6 -2046.8 10776 =-2757.C 14057 -3500.1 
| 6468.2 -3883.2 12452 -6206.9 19755 -8996.1 28325 38133 -15941 
\-1541.7 -1417.6 -3069.3 -2632.6 -5357.2 -4384.4 -8553.8 -S770.7 -12807 -9889.0 
4124.8 964.06 6525.5 1509.9 9389.0 2136.2 12707 2841.8 16477 3686.1 
( ~6870.8 -3601.2 -13091 -5716.2 -20618 -8246.9 -29401 -11185 -39416 -1453C 
po = 45° 6773.5 2361.6 8956.1 3346.3 11515 4512.2 14461 5860.5 
39361 6773.5 46203 8956.1 54077 11515 63054 14461 73167 17797 
-1953.8 -2707.8 -3641.7 -5082.2 -6096.6 8537.7 -9465.8 -13277 -13897 -19501 
6877.5 2690.5 8554.6 -3657.5 10454 4784.3 10597 6076.1 -7535.0 
~34553 6877.5 -38545 8554.6  -42827 10454 -47514 12597 14596 
Ay = < 1062.1 -456.92 2070.1 -788.01 3351.2 -2198.9 4889.1 -1686.2 6673.9 -22h7.7 
| -1189.3 -1315.9 940.25 -2592.9 3933.3 -4207.8 7590.3 -6139.2 12150 | 
\ -2483.0 -1091.3 -5293.1 -1912.9 -9648.c -3046.9 -15859 -4545.3 -6461.0 
} 1462.1 507.09 2828.7 859.65 4531.6 J291.1 6548.6 1798.6 8856.8 2380.0 
1321.6 -1180.1 -1025.7 -2258.3 -4235.9 -3609.0 -8203.0 -5215.1 -12865 ~7046 .5 
| Jo = 30° 5371.7 1717.2 6737.3 2398.1 8270.6 3196.' 9993.5 4115.4 11919 5157.0 
3G443 5371.7 43754 6737.3 48248 6270.6 53077 9993.5 53530 11919 
-§065.8 -4304.7 -8986.5 -8026.0 -13406 -21686 -20819 -31452 -30522 
(6729.0 -2611.0 8165.5 -3485.c 9711.5 11398 -5616.0 15286 -6884.5 
| -34266 6729.0 -37653 8165.5  -h0975 9711.5 -Lh371 11398 -4'7 953 
= 9° 254.52 -201.76 719.02 1407.1 -672.62 2281.7 -1003.0 3332.2 -1392.6 
| -3012.6 -227.33 -2602.4 -932.79 -1470.7 -1935.4 290.13 -3210.3 2606.5 -h738.3 
3874.7 -234.38 -9780.8 230.22 -19711 1250.9 -345738 2971.1 -559249 5523.7 
ts ( 260.73 236.06 1064.1 461.06 2164.6 752.28 3538.1 1105.5 5163.6 1517.5 ( 
3537-7 -275.02 2969.5 -821.21 1645.1 -1573.7 -319.72 -2514.7 -2840.3 -3631.3 
fo =15° 4 4462.1 1215.1 5505.9 1702.7 6611.2 2267.5 7803.0 2912.5 9099.0 4640.2 
44637 =4462.1 48734 5505.9 52560 6611.2 56323 7803.0 60155 9099.0 
-20130 -9739.6 -33688 -17899 -51710 -29607 -74911 -45516 -104055  -66286 
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Table 3 Edge influence coefficients for b/h = 30 


67493 
- 538050 
64526 
497335 
“515-51 
65962 
-500750 
66305 
536950 


| ef 4 


-11566 
57493 
-5615.7 
-65512 
-24h9.5 


5E54 
11277 
66303 
-2608., 


96770 
-762€60 
93358 
721585 
-1107.C 


95266 
-725705 
95163 
761450 
-1113.0 


-16640 
8115.6 
-459l, 


8161.9 
-93892 
16244 
95163 
-4895.9 


1313575 
-1028600 
127460 
986785 
-1895.2 


129900 
-991610 
129290 
1026900 
-1903.1 


-22635 
-11072 
-129265 
-7706.8 


-128080 
22118 
129290 
-§216.6 


171310 
-133522C 
166825 
1292940 
-287 


169860 
-1298470 
168685 
1333270 
-2991 .5 


-29552 
171316 
-14485 
-169140 
-11963 


14547 
-167540 
28899 
168685 
-12761 


216575 
-1582809 
1640000 
435.2 


215155 


21166 
-121770 
123807 

-1267.7 


1507U 
123129 


-6219.3 
21166 
~2465.3 
-14665 
-2357.0 


255542 
-14187 
5607.5 

19i99 


28836 
-151880 
20928 
76564 
-2477.7 


22691 
—78312 
27051 
153225 
-2656.8 


-£808 

288306 
-3679.8 
-221d; 
4412.9 


-21406 

27051 


-£75265 


37284 
-187255 
293% 
i11121C 
4274.9 


31720 
-113380 
35612 
188580 
-4505 


-11867 
37684 
-5121.9 
-31113 
-7391.8 


5221.8 
-29970 
10804 
35612 
-9661.4 


48316 
-228055 
39204 
151390 
-6773.5 


42151 
-153 910 
45490 
229270 
-7057.u 


-15395 
48316 
-6790.6 
-11463 


6906.3 
-387.2 
14059 
45492 
-15016 


15592 
-95706 
3452.1 


469.57 
13647 
102165 
-3250.1 


-5001.1 

-1101.2 
-3910 
~2168.4 


1169.7 
-3667 5 
3,926 .0 
13647 
-4104.0 


19546 
-10746¢ 
6306.4 
7040.5 
-4225.6 


752025 
-THO1.9 
17180 
11436 
-5926.9 


-6830 .3 

19546 
-1831.1 
-4010.3 


1925.1 
6630.1 
5439.1 
17180 
-7685.1 


24059 
-120290 
9654.7 
16972 
-715352.5 


11660 
-17713 
21197 
1274790 
-9159.6 


$968.2 
24059 
-2723.5 
-11172 
-6658.6 


2842.4 
-10285 
7212.8 

21197 
-12889 


29174 
-134485 
14062 
29106 
-12201 


16531 
30213 
25741 
141340 
-14967 


-11421 
29174 
-37712.5 
-15926 
-10257 


3915.9 
-14596 
9253-3 

25741 
-20019 


15050 
-94335 
282.45 

8328.0 
-2625.0 


239.32 
9254.5 
12000 
110380 
\ -9362.8 


-4772.2 

15050 
-373.81 
-215.64 
-1875.4 


415.32 
-313.64 
3017.4 


18184 
-103535 
1353-2 
-7830.4 
102.7 


1696.8 
8543.4 

14633 
120890 
-16250 


6344 

18184 
-778.23 
-1555.6 
-3262.7 


848.96 
-1476.0 
4126.1 
14633 
-12428 


21502 
~112380 
2921.4 
-5506.0 
-11810 


3195-2 
5930.6 

17384 
130690 
-25621 


8127.9 
21502 
“1521.5 


25072 
-121235 
4951.1 
1568.9 
~20253 


6469.8 
1674.1 

20316 
140255 
-37872 


-10136 

25072 
-1995.5 
6065.6 
-7564 .6 


2128.7 
-5281.1 
6824.1 
20316 
-31953 


.5 
23473 
46685 


( 15058 
-G4503 


-356.91 
-72h1.4 
-1946.4 


~939.2h 
8499.2 
10237 
127575 


18092 
-103410 
-83.812 
-9435.8 
-7062.7 


-543.73 
10767 
12519 

139285 
-67710 


6258.7 
1809< 
-274.9 
476.35 
-1620.4, 


313.63 
95.779 
2983.2 

12519 
-28899 


21161 
-111765 
518.37 
-10435 
-17277 


385.89 
11671 
14795 

149630 

-102475 


-119625 
1452.6 
-10181 
-34253 


1832.5 
11223 
17102 

159040 

-145725 


-9769.0 

2k311 
-9715 64 
-1663.3 
.069 


1075.2 
-1600.5 
4959.3 
17102 
-72480 


-11789 
27591 
-1482.3 
-3452.9 
2346.5 


1615.3 
~2948 
6113.4 
19476 
-104545 
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-18354 

18424 
| -1646300 -2122€5 
1680600 21335¢ 
“4445.5  -18720 
$0137 -19394 
| -274220 60137 
50348 -8685.7 

| 197070 -531T; 

-100€7 -167% 
53981 
-200045  -51109 

-10426  -22043 
B47 -1 4194 
= 0° 18907 -4974.7 
| 441.84 43297 -21391 
“16455-14955 
-19543 
2157670 30838 
23944  -12378 
-130360 26944 
= 9° THl.2 -2793.8 
-3522.5 3792.4 
-5135.8 -31917 -10624 
1423.2 9680.8 2955.1 
-3146.0 -7847.1 
fo = 30° 5392.1 23473 aie 
12000 17384 149910 
6699.1 -20691 -53429 
15058 21161 -12722C | 
$1 = 90° 85.370 -571.89 2706.1 
800 30 -345.52 -8749.2 
-1423.5 -1323.6 ~59524 

100.21 639.60 3762.3 
416.95 579.43 9536.0 
to = 15° 2153.9 3917.3 19476 as 
10237 14795 167850 
-15802 -47482 -198545 


Table 4 Edge influence coefficients for b/h = 40 


= = | 


9:03! -156b77 130130 -22240 17628C -30235 229540 -39459 289300 -h9915 

| -747015 91084 -10468CO 150130 -1401150 176280 -1610100 229540 -2°73650 209900 


-7h51.9 123870 -10786 169340 -14728 221840 -19280 281260 
| 1305750 -171745 1714000 -22h915 2176900 -2851% 
-3260.1 -1474.1 +4120.5 -2524.7 -10275 -3980.6 -15951 -5906.1 -23385 


87 32k (503.1 126400 10647 172505 14601 225875 19363 286275 

| -657600 -8601.4 -957555 -124580 -1312150 -170170 -172130C -222790 -2185100 

Jo = 75° 39!:87 15088 127975 21711 173490 29544 226025 38586 285590 14,8233 
| (45750 1045200 127975 1399200 173490 1407800 226025 2271000 26554 

004 -3478.0 


-1486.3 -6528.0 -2540.6 --1095€ -4000.6 -17015 -5932.1 


3202 42368  -12106 54505-1019 68465 -20902 64261 -26235 
| -216805 52026 -258035 42368 -305925 54505 -360740 68465 -422615 61251 


3228.5 -5992.1 -5603.5 -986€.5 -8915.3 -35297  -13310 


17945 3136.1 27998 339971) 53837 8946.5 09501 11492 

| -15909 £8336 -26429 -132h8C -37782 -186195 -5094b3 -2':7350 -658% 

po 30052 7788.3 39845 10975 51346 14740 190306 T9554 2hol 

| 220730 30052 262100 310030 51346 564830 O4576 79554 

“i9ce.5 -40 52501 -7078.5 113.8 -12093 -9540.4 -20035 - 29407 


| 26824 -9964.5 39231, -12686 46394 -16213 54306 -19950 
| -193770 2682); -213690 32744 -233860 39231 -255015 463S4 -277530 54306 
| = 50° 2406.0 -1068.4 5678.4 -1954.7 10011 -3080.0 15321 21555 -5997.3 


-13498 -2641.1 -7196.5 -6355.4 3289.1 -11261 17404 -17263 34764  -24297 
\ -237367 -2951.7  -5054.6 -9233.0 -9009.8 


-15218 -13648 -23313 


2805.2 1134.8 6681.5 2055.C 33755 17919 4599.0 25114 6199.0 
14340 -2555.5 7567-0 -5969.7 -3432.3  -18065 -15904  -35934  -222d1 


| 23688 5614.4 29046 §=7919.4 34876 10349 41286 13118 48347 16236 

209020 230155 251175.) 34876) 272940 41286 29599048347 

-4801.4 -5532.49 -8024.3 -10342 -14009 -17317 -212035 -26862 -350591 -39376 

26595 -73C4.1 32063 -9630.7 37510 -12209 43122 -15053 48984 -19181 

-193466 26693 -212120 32063 -229295 37510 43122 -261330 40984 

= -768.38 -194.59 -79.931 -575.19 1316.9 -1153.3 3412.8 -1924.7 6173.3 -2681.3 
FR 


-15315. 1251.0 -19053— 420.35 -201335 «=-1294.0 -18608 -3892.1 -14642 -732k 
-2375.5 -2753.1 -5972.4 -4824.5 -12283 -7596.0 -22061 -11145 -36016 -15557 


-1367.6 216.20 -858.89 627.43 1392.9 1242.0 4150.9 2053.6 7755.C 3050.7 


17013 853.67 20765 87.494 21685 -1117.8 19851 -3639.8 15506 -6536.0 
a Jo = 30° 4 21552 . 4587.5 26154 6223.3 30757 8050.9 35470 10079 40338 12318 
229650 21552 251630 26154 271355 30767 289550 39470 306895 40536 
“146327 -9215.3 -25335 -17C70 ~-3951 -20348 -57567 -43657 -80835 -63612 


26709 -7301.6 32104 -9606.9 37490 =-12122 420887 = -1 4844 48334 -17781 

| -193160 26709 -211970 32104 -229230 37490 -2h45220 42887 -260210 48334 
A, = 9° -792.57 29.082 -945.94 84.986 -753.35 -3204.92 -139.68 -705.44 922.78 -1231.0 
| 8797.5 1520.8 -14532 1926.2 -19474 1810.0 -23014 1059.3 -2h902 -363.58 
\-99.413 -2706.5 -3022.4 -4O94.3 -10816 -5125.0  -25946 -5351.8 -50798 4352.5 


-1785.4 -34.173 -2196.7 96.891 -2024.1 353.30 -1168.0 777.35 395.37 1341.5 
10327 930.50 16572 1078.9 21776 6842.54 25364 154.35 27140 -1005.1 
fo = 15° 18454 3257.7 22585 4502.0 26663 5887.1 30706 7410.0 34745 9071.9 
268010 16454 293005 22585 315165 26663 335125 30706 353370 
66752  -22333 -111555 -40865 -169040 -67056 -239780 -102090 -324510 -147160 
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Table 5 Edge influence coefficients for b/h = 50 


7 = 


6 


Ebd 


115590 
-981015 
105795 
300345 
-951.63 


108145 
-805840 
113575 
-967 


-19429 
115590 
-9256.1 
-107410 
-4082.8 


9319.6 
-106525 

18940 
123575 
-4347 .6 


164405 
153850 
1174000 
-1839.4 


156990 
-1180700 
161700 
1354350 
-1861.5 


222100 


-1798900 


210690 
1616000 
-3151.9 


214720 


-1623900 


218600 
1797000 
-3160 . 3 


-37878 
222100 
-18352 
-213675 
-12845 


18442 
-211720 
37012 
218600 
-136% 


364140 


288650 -2889700 


350720 
2704900 


-11322 
45778 
-3477.1 
-18799 
-3944 6 


3572.9 
-18230 
10200 
43083 


58981 
409200 
29215 
79351 
-39e2.1 


31626 
-61164 
55618 
417865 
-4655.9 


5582.6 
-29882 
14213 
55618 
-9%10.8 


74330 
470745 
43071 
134695 
6855.5 


46426 
-137325 
70181 
479645 
-7805.2 


-20809 
74330 
-7833.4 
45537 
-12349 


786.3 
-43911 
18939 
70181 
-16133 


50197 
-370655 
3531.7 
27779 


-5500.1 


455567 
29199 
44.8350 

402230 

-11720 


59236 
-402000 
8495.7 
-19838 
-10463 


9825.8 
20707 
53033 

435475 

-18864 


-1740e 


-LOk gL 


| 41665 


-1640.1 


-2036.9 


21432 
33,934 

1,014.805 


500!+5 
-370220 
-1628 .0 
-28604 
~5399.9 


41205 

444030 
-3582) 


58422 
-400235 
-819.87 

-35442 
-11698 


38167 
4840.2 
479180 
-56049 


75435 
“454420 
3457.6 
393559 
-37156 


3794.5 
4168.0 


6281.7 


540905 
-113415 


50063 
369615 
-1508.8 

-157719 
240.15 


-3255 4 
18004 
35652 

520925 

-163405 


6210.8 
35652 


584 94 
-399830 
-1859.0 
-2493.0 
-4056.8 


-4055.0 
27869 
42120 

560715 

-248595 


8114.2 
42120 
-87812 


-353450 


15330 
-454260 
~1280.5 

-40519 
-3559 


-3618.4 
4414S 
54863 

629730 

-478590 
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-2788; 288680 -49109 -62479 
164405 -2310200 «(364140 
= 90° -13423 276310 ~30495 
-156095 2126300 -280140 -355490 
-1658.3 -4971.2  -19959 -29237 
13500 281310 356840 30609 
-154730 -2135400 -277490 -2715200 -352050 
161700 2307800 284280 2886900 358740 pate 
-8160.2 ~5006.3 -21269 -7421.8 -31201 
7 45778 -15682 91901-26710 111735 -33390 
9861 91901 -618555 111735 
= 90° L771 ~5457.9 59242 -1059% T7691 -13741 
| 3462 -3092C 200030 -62579 275010 -82006 
19317 63645 10776 «83246 
| -35578 203440 60251 -279165  -78865 
fo = 60° 43083 86851 24386 105570 30557 
363300 549425 86851 627615 105670 
_-2490.9 -5122.2 -12127 -25065 -17812 -36784 : 
43022-10244 -13:5C2 Mmmm 8668914 -21679 «79366 - 20429 
| 41511 50197 59235 -45316C 66914 -465110 79500 
bs = 652.01 -687.17 -1844 .8 -3126.5 14533 -4718.9 -6599.9 | 
| 29422 ~4141.8 -9413.3 -6352.45 -16230 12049 | 
.-2540.7 -3760.6 -0923.2 -11459 -17570 -17547 -27295 -25486 | 
582.50 942.36 1939.4 3265.1 i6847 4898.2 25303 6621.9 
| “31256 -692.15 -4027 -8466.3 6595.7  -15085  -22582 
| fo = 45° 4 36917 8005.7 10792 13953 61764 17512 71153 21486 | 
| 36080 14830 53035 468080 61764 501095 71153 | 
-6573.9 -6969.7 -13050 -21825 -28339 -33815 MEM -49502 | 
-10198 -13418 -16941 66857-20772 24926 | 
41665 50045 58422 -428110 66857 15435 
= 90° -12.552 -258.33 -818.24 871.74 -1585.6 -2599.3 
2525.7 1614.7 -39082 -19.1o -3564.9 
-3662.2 ~6408.1 -10302 -21952 -15155 
13.661 325.36 881.08 446.06 1691.2 2752.7 
| 1822.2 1775.9 883.22 41693 -929.10 -3660.1 
= 30° 6374.8 8629.3 11119-55580 
| 33934 41205 WB4O2 51120595931 62817 
20614  -11807 -21880 35313 -81740 -55850 -81244 
41637-10196 -13415 -16917 66914  -20685 
{ -33689 41637 50063 58494 66914 75330 
= 9° -932.98 98.188 74.570 63.177 -1817.0 -350.06 806.66 
-7308.9 1710.4 2826.8 362527 -33452 3843.0 3320.8 
894.88 -3873.0 6494.2 ~9266.9 -14956 -11651 -13075 
-2008.5 -115.22 -85.106 70.365 -4233.8 385.59 876.76 
8586.5 1095.5 1721.7 2079.1 36852 2001.9 1595.3 
bo « 35° 29118 4496.1 48521 10195 12448 a 
476340 29118 596750 48521 54865 
-912%  -29172 - 153665 -1925C0 


Final Remarks 


The edge influence coefficients tabulated in the paper will 
greatly simplify the stress analyst’s task in formulating the 
compatibility equations at the junctions of toroidal shells with 
other types of shell. This means that the calculation of the 
edge moments and shears at the junctions will now be relatively 
easy. However, the designer’s job does not stop there. He has to 
determine the stress distribution throughout the shell and would 
therefore like to have available the stress influence coefficients for 
points in the interior of the shell. 

These interior influence coefficients have been obtained by the 
author but have not been presented here due to space limitations. 
However, the author hopes to be able to make them available to 
the professior in the near future. 
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Edge Influence Coefficients for Toroidal 


G. D. GALLETLY 
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Electrical Engineering Department, 
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Shells of Negative Gaussian Curvature 


Continuing the work presented in reference {1],' the present paper gives additional 


tables for the edge deformations of constant-thickness toroidal shells subject to edge bend- 
ing loads and uniform pressure. The two papers together thus cover a wide variety of 
toroidal shell geometries and enable a designer to calculate in a simple manner the edge 
moments and shears at toroidal shell junctions. 


Introduction 


N A COMPANION PAPER it was mentioned that it is 
frequently necessary to undertake reasonably accurate stress 
analyses of the toroidal shell transition elements shown in Fig. 1. 
The companion paper gave the edge influence coefficients for 
toroidal shells of the type shown in Fig. 1(a). It also gave a brief 
discussion of the toroidal shell problem together with the relevant 
differential equations of equilibrium. 
ein this paper, toroidal shells similar to those shown in Fig. 1(b) 
will be considered. The differential equations, and so forth, will 
not be repeated since they are similar to those given in refer- 
ence [1], All that will be done herein is to explain the tabulated 
quantities. Reference should be made to the companion paper 
for a description of how the coefficients were obtained, a discus- 
sion of the differential equations used, and so forth. 


Explanation of the Tabulated Quantities 

The edge influence quantities are given in Tables 1 through 5 
for different shells. The ranges of the various parameters are as 
follows (see Fig. 2 for notation): 


b/h = 10, 20, 30, 40, 50 
y = 3, 4, 5, 6,7 
¢: = 75°, 60°, 45°, 30°, 15° 
= 90° 


ra, 


Fig. 1 Illustrating the use of toroidal shells as tr 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Petroleum Division and presented at the 
Petroleum-Mechanical Engineering Conference, Houston, Texas, 
September 20-23, 1959, of THe AMpRICAN SocieTy oF MECHANICAL 
ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
25, 1958. Paper No. 59—Pet-3. 
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The edge deformation quantities tabulated are Eb?V and Ebé, 


where 
V = angle of rotation of a tangent to a meridian (+ when the 
positive semitangent turns outward) 
6 = displacement perpendicular to the axis of revolution 


(+ outward) 


It will be observed that the coefficients occur in groups of five. 
Each of the five lines refers to a different loading condition and 
these are shown in Fig. 3. The quantity Hg in Fig. 3 is the 
shearing force perpendicular to the axis of revolution. It equals 
the transverse shearing force, Qy, divided by sin ¢. 

If the pressure acts on the convex surface (internal pressure), 
then the equation relating the edge influence coefficients, edge 


tas 


between cylinders, cones, etc. 


moments and shears, pressure, and either of the deformation 
quantities, such as £6, is given by: 


2 


The parentheses in Equation (1) indicate the numerical quantities 
tabulated in Tables 1-5. 
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Fig. 2 Geometry of a toroidal shell 
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LINE 1: bHg = 1 LINE 2: Mg = 1 LINE 3 


Fig. 3 Edge loadi idered in inf 


bHg, = 1 LINE 5: pb*/2 = 1 


Application of Maxwell’s Theorem of 
Reciprocal Displacements 


It may sometimes be desirable to check some of the cross-co- 
efficients before utilizing them in calculations. One way of doing 
this is to utilize Maxwell’s theorem of reciprocal displacements. 
At the same edge, this theorem requires that the rotation (V ) due 
to a unit horizontal force be the same as the horizontal dis- 
placement (6) due to a unit moment. At different edges, the dif- 
ferent radii must be taken into account as Maxwell’s relations are 
work relations. If the two edges are denoted by A and B, their 
respective radii by r4 and rg and if their rotations and displace- 
ments are as follows: 


Edge 

loading Va 54 Ve 6B 
M,a=1 an ais 
Ha = (19 (22 (23 
Hz = a4 as 


then Maxwell’s relations are: 


= 
rps = 
= 
= 


e coefficient tabulation 


Final Remarks 


The present paper and its companion give the edge influence co- 
efficients for a wide variety of toroidal shell shapes due to edge 
bending loads. For uniform pressure they also give the required 
edge coefficients and thus obviate errors caused through using the 
membrane solution [2]. 

Having the edge coefficients means that it is now a simple 
matter to calculate edge moments and shears at toroidal shell 
junctions. The calculation of the stress distribution throughout 
the torus still presents something of a problem. However, the 
author has also obtained the stress and deformation influence co- 
efficients for interior points in the toroidal shell and hopes to 
publish them in the near future. When these are available, it 
will be possible to perform accurate stress analyses of constant- 
thickness toroidal shells very quickly. 
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Table 1 Edge influence coefficients for b/h = 10 


Eb@V 


Ebd Eb@V EbS 


1386.3 
-8042.5 
691.15 
.1 
416.47 


-14253 
11051¢ 
-14176 
-109740 
-301.11 


-683. 39 
7910.5 
-1381.2 
-8034.7 
454.19 


-14155 
108810 
-14202 
-110895 
-300.61 


2461.6 
-14255 

1225.0 

14275 
-898.70 


-22234 
171895 
-22103 
~171285 
-533.59 


3843.8 -31987 5533.0 | 
-22234 246890 -31987 

1910.5 -31781 2747.0 
22278 ~2h6440 32051 
-1651.4 -861.75 -2733.9 


-12146 
14057 
3 
-14202 
-975.45 


-22127 
170125 
-22120 
-172370 
~532.82 


-1897.3 31870 -2731.5 
245050 31602 
-31788 -5475.5 
-247455 -31788 
-860.64 | 


725.15 
-2264 .0 
347.85 
2093.7 
-391.39 


-3897.5 
16842 
-3640.1 
-14393 
-694.72 


1275.9 
-3897.5 
616.85 
3747.2 
-847.39 


-5993.6 
25069 
56760 
-22698 
-1232.5 


-8552.5 2847.4 
35103 -8552.5 
-8153.8 1379.4 
-32814 
-1991.5 -2586.6 


-352.98 
1958.6 
-712. 34 
-2253.4 
-560.45 


-3625.8 
13926 
~3838.2 
-17168 
-698.75 


-596.85 

3522.1 
-1237.3 
-3838.2 
-1190.9 


-5711.1 


-8259.8 -1349.3 
32097 7975.7 
-8333.3 -2725.5 
-35515  -8333.3 
-1992.53 -3570.0 


535.18 
-1325.5 
220.85 
917.25 
-328.40 


-2122. 
7908. 


918.81 
-2122.7 
400.89 
1723.9 
-714.27 


1410.0 -4573.4 2009.21 

-3137.9 -4373.h 
629.97 -3691.3 907.90 

-10322 4009.7 

-3843.8 -2195.4 


-201.19 

791.44 
-508.51 
-1314.2 
-797.08 


1499.5 
-849.40 
-2050.5 
-1665.0 


-3823.1 -865.64 
. 3519.5 
-1806.7 

-4116.2 

4912.4 


467.56 
-1095.4 
144.23 
4S. 50 
-176.01 


-1618.8 

6107.5 
-843.88 
-1381.5 


776.76 
-1618.8 


276.37 


958.69 
-368.42 


1645.7 
-3057.8 
648 . 86 
2408.1 
-1120.8 


( 91.196 -40.638 
210.99 91.348 
-725.14 -230.52 
-725.14 
-790.41  -537.70 


-123.63 
554 
-414.32 
-1074.4 


-852.17 

1228.0 
-1518.4 
-7310.2 


-1359.3 _-3192.1 


-245.66 
790.12 
-658.56 
-1518.4 
-2764 .6 


-598.95 

1901.3 
-13534.3 
-T961.1 


234.16 
-671.56 
27.281 
12.063 
43. 


44h 
-1033.5 
93.368 
255.96 
302.59 


-1456.1 

5653.2 
-297.54 
-5700.4 


718.17 
-1456.1 
191.45 
582.568 
821.24 


1374.4, 


-2556.5 


-19.904 

19.768 

-201.09 

~6136.4 -697.55 
-3052.5 -1372.4 


-74.870 
162.75 
-241. 33 


9.2 -963.50 


-3247.6 


-491.51 
250.84 
-1274.4 
- 7894.5 
-10440 


-161.53 

402.84 
-521.82 
-1274.4 
-6366.2 
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28566 -3603.3 62735 
= 90° -3575.2 308.82 -8000.4 
-27470 3583.9 -61600 
-57.566. -145.46 -147.90 
{ -3523.9 -303.65 -7953.8 
; 27009 3515.3 61106 
fo = 75°  -3618.6 -619.74 -8034.7 
-28769 -3618.6 -63028 
\ 57.482 -160.21 -147.63 
{ -1091.7 330.83 -2264.C 1983.4 
5793.5 -1091.7 -5993.6 
= 90° -894.33 153.78 -2046.1 960.71 
| -3225.2 904.16 -7899.4 5864 .2 
-131.10 -155.85 -340.21 = - 1560.5 
-847.40 -144.13  -2004.2 -935.64 eld 
3020.9 838.19 7561.7 -22106 5527.9 
$2 = 75° -1110.0 -333.43 -2253.4 -5864.8 -1908.3 
| -6051.9 -1110.0 -10708 -25456  -5864.8 fa 
LS 236.60 _-202.15 -345.17 ~1255.2 -2169.0 q 
-739.33 258.05 -1325.5 7 -3137.9 
4058. -759.335 5720.4 | 5 10668 
= 90° { -335.05 90.545 -868.71 -1609. 5 -2550.6 
3.0.98 -1985.1 -4155.1 -6937.7 
-231.2% -115.75 -634.12 -1321.5 -2366.9 
( -297.45 -78.919 -835.67 -1606.3 -2602.8 -595.11 
397.50 290.51 1606.7 3871.6 6553.8 2409.4 
fo = 45° -770.94 -258.88 -1314.2 -2050.5 -2984.2 -1282.1 
| -s658.8 -770.94 -6308.6 -8504. 5 -11281 -2984.2 
\ -299.93 -298.35 -713.94 -1409.4 -2460.4 -3003.1 
-679.36 238.63 -1093.4 -2271.6 1169.0 -3057.8 
} 3869.5 -679.36 4914.9 7532.4 -2271.6 9220.9 Be 
= 90° -114.19 50.799 -413.49 1593.9 -2059.7 
| 263.72 114.00 -354.59 -2744.8 1611.7 -4419.4 
399.89 _-68.932_-1135.5 -612.6 -674.22 -7609.5 
| 389.58 -1465.2 -2222.9 
303.93 2495.3 1267.2 4079.5 
: fo = 30° -1074.4 -2069.2 -965.02 -2730.5 ae 
6130.2 -8734.4 -2069.2 -10430 
| 3854.8 4761.0 6633.6 -1960.5 7747.5 
jf, = 90° 4 -27.100 -202.96 -835.80 318.06 -1271.6 471.72 
| 460.15 225.22 -1109.5 1060.9 -2140.8 1651.4 
| -2295.6 -11129 1655.0 -16974 2860.7 
| 
| ( -181.19 -923.98 -277.01 -1469.9 -h19.87 
| ) 68 966.09 727.91 1905.4 1132.0 
fo = 15° -955 -1646.0 -7'.92 -2084.5 1011.6 
| -702 -8865.6 -1646.0 -9977.0 -2084.5 
-6002.0 


EbS 
-7453.4 1246.8 
f 63547 - 7453.4 
-7032.2 611.82 
-52890 7049.1 
-114.80 -290.91 


-6931.0 -601.57 
| 52004 6914.4 
-7487.2 -1252.7 
| -64084  -7487.2 
\ -115.89 -320.48 
( -2964.1 732.43 

22972 -2964.1 
250767 
| -2818.7 1361.3 
\ -241.90 -273.82 


32780 
-3618.9 
-11782 
-655.89 


( -1275.8 -240.56 
} 2641.8 1265.7 
-3040.1 -739.38 
-24451 -3040.1 
-296.40 -406.81 


-3540.9 
11278 
-34230 
-720.22 


 -2668.0 659.67 

21/02 -2668.0 
-123.71 86.273 
| .2061.0 110.58 


-4124.9 
26895 

-977.27 
541.45 

-1055.5 


6.5) 5.252 

-1797.8 107.89 
-2853.0 -665.54 
| -25687 -2853.0 
620.52 


-493. 32 
-4183.4 
- 30798 
-1688.8 


-2668.6 655.04 
21686 -2668.) 
141.72 12.022 
1647.4 ~-182.35 

-285.08 -229.16 


-4013.1 


26614 


-86 .254 


2765.9 


-1334.0 


a 


145.82 9.6200 
-1477.G =115.33 
-2956.3 -635.41 
-29931 -2956.3 
-2354.7 -1189.& 


Table 2 Edge influence coefficients for b/h = 20 


-2668.6 
232.70 
1103.9 
109. 30 


654.98 
-2668.6 
4716 
-192.20 
-237 45 


140.23 
-805.82 
-2902.2 
-36960 

-10343 


5.4401 
-96.133 
36 
-2902.2 
-3274.1 


-20040 
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y= 3 yeh y= 6 y=7 
-16356 2788.6 -28808 -44811 7713.1 -64365 11098 
132085 -16356 227890 -28808 350970 -4481l 501335 -64365 
= 90° -15904 1379.3 -28287 2451.0 -bk181 3826.7 -63585 5506.6 
-121710 15991 -217825 28485 -341225 44530 -491910 64126 
| -295.81 -832.87 -602.90 -1797.2 -1068.9 -3302.6 -1726.8 -5467.3 
| -15811 -1363.8 -262b4 -2430.3 -44228  -3800.8 -63764  -5475.5 
| 120345 15726 215985 26048 338915 43682 489135 63226 
= 75° ~16342 -2778.4 -28707 -4908.6 -kk58.2 -7643.3 -63968  -10982 
| ~132785 -16342  -228765 -28707  -352025 -4k582  -502570 -63968 
| oe -296.73 -908.51 -603.57 -1951.1 -1069.3 -3575.4 -1726.7 -5908.4 
| 1528.9 -8671.4 2635.3 -12886 4054.2 -1802k 5786.5 
-5372.3 45870 -8671.4 62471 -12886 82652 -16802h 
= 90° 641.64 -6800.5 1180.0 -10876 1869.6 -15841 2709.9 
| 3699.0 -26647 6996.5 -41l227 11233 -61472 16402 
§=-785.22 -1361.9 -1697.3 -2435.5 -3123.0 -3952.5 -5175.1 
-614.21 -6769.8 -1141.8 -10940 -1820.8 -16043 -2650.7 
| 3464.2 238h8 6580.1 40152 10592 60130 15495 
| #2 = 60° -1502.7 -8567.9 -2556.0 -12638 -3901.2 -17591 -5538.8 
~5375.1 -47345 -8567.9 -63998 -12636 -17591 
1258.6 -5869.5 2050.4 -7987.3 3047.8 -10515 4256.7 
-4124.9 32226 -5869.5 38281 -7987.3 45301 -10515 
i f, = 90° 312.17 -2354.3 656.07 -4184.8 1106.7 -6439.9 1659.4 
AG 1013.2 -3030.5 2501.9 -8187.0 4500.0 -14725 6974.4 
240,00 -690.13 -2366.8 -1471.4 -4402.2 -2691.2 -7306.7 -4h47.7 
Mmmm 264.41 -2531.2 -611.31 -1045.5 -6649.8 -1562.2 | 
x 890.35 2823.8 2193.7 7734.0 3953.3 14040 6140.2 
= 45° -1198.5 -5776.2 -1897.0 -7709.1 -2772.0 -10014  -3827.6 
-4135.% -36082 -5776.2 -42117 -7709.1 -4913E -10014 
-1650.9 -3199.5 -3378.2 -5336.7 6065.6 -8371.5 -9696.1 
| 1210.9 -5415.4 1898.3 -6953.6 2729.7 -8683.6 3715.6 
MMM 4015.1 50842) -5415.4 34882 -6953.6 39049  -8683.6 
| = 125.38 =-696.37 336.94 -1638.5 642.23 -2870.4 1030.6 
MM 2261.2 735.82 543.21 1832.1 3290.3 
- 3575.0 -1028.7 -7531.8 -1731.9 -12898 -2708.7 
| -38.714 -105.75 652.24 -299.51 -1665.6 -583.85 -3037.2 -951.37 ic 
| -2373.5 73.907 -2010.1 618.96 -493.81 1489.5 1982.6 2649.7 
| fo = 30° -4100.4 -1072.3 -5277.4 -1605.6 -6561.2 -2246.8 -8001.9 -3003.8 
-34938 -39210 -5277.4 -43266 -6561.2 -47440 -8001.9 
-.€18.%3 -2931.4 -8415.45 -5839.8 -13432 -10229 -20177 -16417 
-4015.1 1205./ -5366.4 1866.1 -6756.6 2638.4 -8230.7 3531.1) 
26607 -4015.1 30762 -5366.4 34450  -6756.8 37927 -8230.7 
= 90° 139.95 38.244 -G4.652 160.15 -577.03 358.27 -1282.2 626.61 
| 2654.7 -264.90 3450.3 -14.870 3310.9 584.14 2339.1 1503.3 
x | -992.81 -305.31 -4838.9 24.989 -12624 962.03 -25305 2660.1 
212.35 -30.666 12.619 -135.09 -508.65 -312.01 -1538.0 -557.71 
2128.4 -112.19 -2911.2 79.806 -2883.7 502.49 -2082.2 1141.2 
[do = 15° -5921.8 -907.70 -4925.1 -1326.0 -5944.6 -1813.7 -7018.2 -2376.4 
-42216 -3921.8 -k6606 -4925.1 -50451 -54028 -7018.2 | 
7571.5 -33227 - 14433 -50372 - 72158 - 38349 
Transactions of the ASME 


Table 3 Edge influence coefficients for b/h = 30 


y=4 y=6 


Eb@v EbS 2y EbS Eb@V EbS 


-11749 1900.4 -25117 4211.4 -43808 -67825 11601 
-11749 213910 -25117 357735 542470 -67825 
898.43 -23530 2080.2 -42111 -65962 5723.7 
10244  -177210 23657 -321415 -506590 66482 

\ -170.74 -436.44 -442.15 -124b9.4 -902.72 -9 -1601.8 -4953.9 


{ -10073 -885.37 -23392 -2027.1 -42046 .8 -66032 -5685.0 
| 72798 10049 175220 23265 318700 503160 65516 
-11808 -1906.4 -25101 -4196.0 -43659 -67484 -11496 
| -112030 -11808 -2152h0 -25101 -359310 -544300 -67484 
-175.47 -480.82 -447.12 -1362.9 -907.87 -1607.0 -5363.3 


1241.5 -9976.9 2466.0 -15051 -5 -21440 6275.7 
-6091.4 77329 -9976.9 98116 123620 -21440 

226.23 -4381.2 838.82 -9057.8 -15126 2665.6 
1202.8 -9015.9 4168.1 -27369 308.7 -51769 15611 
-415.17 -926.16 -1184.1 -1971.3 -3569.2 -4693.4 


-268.26 -h277.1 02. ~9007.1 -9 -15204 -2596.0 
7127.3. 8630.° 93. 26482 50418 W752 
=10057 2425.4 -14933 -21093 -6039.9 
-6289.6 -81592 -102335 -127850 -210935 
5-61.88 6935.0 -2230.7 1.5 ~3866.6 -6525.1 


( ~5987.7 1201.0 -8999.8 223.1 -12180 -7 -1572h 5051.4 
| §9656 -5987.7 73181 384923 96400 -15724 
303.26 30.755 -340.70 -1955.7 1338.3 
4948.9 -344.86 6852.9 4597.2 -1094.9 4694.3 
-334.07 -398.85 -1237.0 .O -3016.1 -5895.4% -4150.1 


300.75 -26.829 -279.67 -1892.2 -4434.6 -1264.3 
-4316.1 -264.47 -62hi%.0 -4284 .0 1034.3 4167.2 
~6478.5 -1216.1 -9249.9 -12152 259.1 -15376 
-71470 -6478.5 -8504.5 -9 -96805 -108280 
-1383.1 -961.06 -2975.5 -5394.8 -8860.8 


5986.2 1200.6 -9005.2 -12021 .2 -15077 
59519 -5986.2 73120 84575 94656 
268.22 21.635 457.51 163.61 -707.52 

-320.53 8517.2 9165.8 
-403.38 ‘ .3 -3410.2 -7909.4 


17.292 293.36 -580 96 
-214.56 -7511.5 -8333.9 
~1167.2 -6 ~-19.954 -6 -14536 
-~6746.5 .O -110145 -120640 
-1895.9 -15828 -24793 


1200.2 2 -7 -12035 .8 -15064 
84509 94631 

518.24 337.83 

6796.1 9687.5 

-107%.1 -1332.8 -7399.7 


21.116 749.46 678.45 
-309.97 -5731.4 ~8436.5 
-1644.0 -11314 .O ~-13588 
-9004.1 -133080 
-12546 -67651 -102290 
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r=7 
90° -959082 8245.3 
-732715 95890 
-2588.8 -8201.0 
-95348  -8198.7 
| 726575 94545 
| -2593.9 -8862.9 
| 154250 -29188 
| 2285.3 -81876 23337 
\ -322.11 -5833.3 -7772.8 
p> = OV” -6289. -2855% -8499.9 
-64471 -158530 -26554 
i | -489.! -6166.1 -10732 
| 108495 -19758 
4, = 9° -7606.7 2137.3 
-9562.1 8187.3 
-10091 -6810.4 
-7806.4 -2037.9 
9117.2 7252.7 
-120370 -19043 
| 4801.4 -18257 6394.3 
-15077 03975-18257 
= 90° 566.74 -2127.9 1061.9 
639.38 7739.2 2283.2 
— ~3243.4 -15098 -k946.0 
256.40 -515.20 -2107.4 -980.22 
| -1472.3 642.96 -7145.1 1964.0 
bo = 30° -6746.5 -3942.4 -17199 -5155.2 
\ ~83860 -14536 -17199 
-4395.5 -16030 -36378 -25536 
-5982.3 4766.7 -18105 6289.9 
} 59482 -15064 103740 ~18106 
= 90° 114.57 - 200.23 -210.72 480.80 
| 276.19 - -779.10 11296 -157.2h 
209.75 -1549.9 -19828  -602.73 
112.19 12.739 472.13 “174.37 140.33 -427.93 
-201.30 -83.888 -2556.9 -294.18 -10056 187.27 
fo = 15° -6663.7 -1008.1 -900K.1 -3226.7 -15845 -4166.5 { 
-105335 -6663.7 -120315 -13588  -154150 -15845 + 
-20685 -5419.7 -40522 -40160 -62369 


Table 4 Edge influence coefficients for b/h = 40 


EbS 
-16700 2562.4 -34554 5665.7 -59489 9978.0 -91522 15520 -130660 22293 ! 
176510 -16700 314365 -3455k 506350 -59489 752790 -91522 1053800 -130660 
fi = 90° -13029 1162.1 -30757 2696.9 -55529 4841.7 87332 7595.6 -126160 10958 
-89145 13058 -226340 30922 -418500 55914  -665375 88019 -966890 127235 
-224.92 -582.07 -586.35 -1666.0 -1200.0 -3594.7 -2131.8 -66053 -3447.4 -10935 
( -12840 -1142.7 -30575 -2666.7 -4800.8 -87424  -7544.2 -126515 -10897 
} 87650 12811 223795 30411 414965 55060 -660870 66741 961430 125450 
= 75° ) -16791 -2590.8 -34541 -5645.1 -59295 -9908.0 -91070 -15380 -129870 -22062 
-178600 -16791 -316660 -34541  -508930 -59295 -755690 -91070 -1057000 -129870 
\ 236.82 -641.26 -599.59 -1817.4 -1014.6 -3902.7 -2147.4 -7151.4 -3464.0 -11818 
{ =30633 1862.6 -16495 3568.0 -23616 5838.0 -32534 8708.0 12193 
-10633 151995 -16495 183060 -23616 218915 -32334 260860 -42784 
= 90° -581.17 253.95 -4241.5 926.30 -10178 1955.8 -18106 3310.7 -27910 4978.0 
10533 561.88 835.85 4307.3 -20788 10441 -51755 1 -90975 28865 
he -374.41 -559.59 -1243.5 -1588.8 -2506.5 -3418.2 -h610.2 -6274.2 -7603.9 -10383 
-526.60 -238.01 -4125.3 -886.71 -10103 -1892.4 -18181 -3204.3 -28235  -4869.3 
9871.3 S4S.67 -799.65 4060.5 20115 9847.9 50404 17633 88988 27300 
po = 60 -11028 -1886.5 -16670 -3512.0 -23525 -5666.5 -31916 -8362.6 -41969 -11675 
| -132045 -11028  -161360+ -16670 -192285 -23525 -228090 -31916 -2700h0 -1969 
~ -714.45 -826.20 -1625.0 -2267.6 -3107.0 -4797.1 -5317.7 -8716.9 -8411.4 -14329 


{ -10633 1846.8 -5 -3e912 10035 
ze | 122150 -10635 150010 -15967 173390 -21328 194400 -26907 214650 -32912 
= 90° 592.79 -20.322 573.08 150.67 -722.64 601.20 -3313.7 1329.5 -7068.9 2313.1 
Es 5895.7 -649.58 13439 -692.15 16100 652.18 13177 3433.1 5398.2 7514.9 
i -322.66 -552.79 -1273.5 -1516.3 -3328.3 -3169.5 -6837.1 -5698.9 -12108 -9297.7 
566.54 17.708 630.48 -137.26 -607.36 -560.17 -32h2.9 -1255.9 -7165.1 -2205.5 
5142.9 -517.00 -12243  -522.04 -15003 673.08 -12449 3130.1 -5148.0 6739.8 
fo = 45° -11584 -1874.3 -16542 +-3246.3 -21470 -4880.3 -26563 -6797.8 -32025 -9025.6 
-147430 -11584 -175790 -16542 -199570 -21470 -220835 -26563 -24124h0 -32025 
-2075.5 -1310.3 8089. -19777 
Bi -10620 1845.8 -15976 3395.9 -21344 5233.6 -26703 7326.3 -32088 9668 . 3 
a 121975 -10620 149680 -15976 173235 -21344 193970 -26703 212645 -32088 
S fi = 90° 210.21 -28.504 762.33 -46.794 1054.4 56.188 716.05 344.66 -376.83 838.75 
6146.1 -953.29 13096 -1408.6 186523 -1128.1 21296 64.171 
-179.15 -565.60 -793.77 -1514.8 -2809.9 -2996.3 -7228.0 -5039.9 -1494E -7694.7 
195.52 22.840 817.19 40.078 1251.8 -49.928 1025.7 -313.30 -58.656 -774.21 
) -43.008 -168.27 -5270.4 -653.52 -11639 -937.06 -16839 -651.02 -19661 347.41 
fo = 30° -1el0l -1796.8 -16820 -3006.2 -21487 -4h14.6 -26088 -6004.9 -30662 -T7777.4 
-174120 -12101 -203710 -16820 -228990 -21487 -251155 -26088 -270955 -30662 
| -6746.4 -2626.8 -14177 -6475.2 -24826 -12811 -38927 -56803 


0615 845.5 5294. 3.1 ~26730 -6 -32116 ‘ 
121965 -10619 149540 -15963 172965 -21339 193755 -26730 212570 -32116 
= 90 25.20 -10.891 370.98 -49.852 845.80 -62.500 1158.1 13.182 1111.1 216.99 
: | -665.72 -27.238 1594.9 -534%34 6921.0 -1319.2 13303 -1948.7 19156 -2112.0 
15.717 -601.84 782.85 -1685.2 1188.7 -3157.6 -1377.8 -4545.8 -9902.1 -5295.6 
| { 15.964 7.7634 429.06 40.050 1113.7 52.724 1697.1 -11.397 1879.1 -193.05 
} 506.00 -18.313 -1278.8 -297.9@ -5844.0 -714.08 -11583 -1008.6 -17044  -988.66 
fo = 15° 4 -12020 -1542.5 -16221 -2508.4 -20382  -3634.4  -490K.5 -28576  -6308.9 
| | -221250 -12020 -252760 -16221 -279580 -20382  -303260 -24504  -324520 -28576 
- 7717.1 —-17893 —--111055 -34050 -57337 -239755 -88877 
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Transactions of the ASME 


y=3 y= y=6 
| 
j { 
\ 


Table 5 Edge influence coefficients for b/h = 50 


ye 


Eb“V 


Eb5 


Ebd 


=22489 
265625 

-15365 

-96769 
 -276.88 


-15159 
95144 
-22625 
-269370 
-300.42 


-16580 
215695 
269.18 
19444 

-406.64 


-18223 
-172h7 
-251160 
~ -964 .25 


706.23 


-22k469 
1397.2 
15397 
- 7127.82 


-44876 
439375 
-37470 
-267250 
-727.81 
-1373.8 
15108 
-3314.3 
-22625 
-801.82 


-37247 
264250 
44873 

-443075 
-754 .62 


2583.7 
- 16580 
184 . 84 
-310.71 


-25116 
262495 

-3307.4 
16404, 

-1509.7 


-252.30 
-2620.0 -25470 

-17247 -239725 
-1040.0 -2163.9 


-3185.7 
-15705 


7161.4 


-44873 
-2272.0 


4842.5 
-25116 

912.96 

3328.0 
-1999.1 


~873.95 
3166.0 
-4 769.9 
-25470 
-2848.1 


-76072 


-4775.2 


-9998 
4618.4 
-34734 

- 325365 
-4072.5 


-4291.7 


12554 
-76072 

5992.9 

68891 


-5942.3 
67840 
-12466 
- 75840 


7758.5 

2130.0 

10353 


-2061.0 
9774.5 
-7533.6 
3473) 

-6015.8 


-116130 

988130 
-108165 
-B15545 


-108275 

810025 
-115570 
-992495 


~46088 
357265 
-19637 
~39924 
-5542.8 
-19689 
38882 
-45653 
-3742350 
-6886 .6 


“4493.8 -2658.0 -6257.0 -4301.7 


11394 
-46088 
3781.8 
20216 
-7866.9 
-3683.1 
19124 
-10971 
45635 
-10921 


-1192350 158030 
-13669 
-157140 -13562 
1185650 155820 
-164075 -27659 
-1369300 -164075 


-4876.6 -2691.6 -8939.7 -4338.5 -14772 


-59428 

412280 

-31659 

-86723 32713 
-9241.1 -13007 
-31998 
84829 
-56455 
-429210 
-10801 


-5712.5 
30968 
-15110 


-16589 
213040 
661.61 
4759.0 

-320. 32 


-24940 
261620 
1372.8 
17651 

~-1255.1 


2578.7 
-16589 
-48.876 
-716 .89 
-706.14 


4742.2 
-24940 
27.553 
-1560.0 
-1952.1 


- 33265 


302600 

848.08 

27789 
-3424 .6 


7313.9 
-33265 

406.65 
-1087.4 
-4082.9 


-41651 
338560 

-1315.7 
31262 

7334.6 


10280 
-41651 

1140.6 

1187.0 
-7321.1 


-30304 
371565 

-5097.9 
27740 

-13419 


; 625.60 
~4155.0 
-18161 
~258475 
-2816.8 


42.619 
-577.36 
-2621.3 
-18161 
-1663.7 


1420.9 
-16078 
25977 
308350 
-6182.0 


-25.116 
-1250.4 
-4535.5 
-25977 

-4336.5 


1013.3 
~25893 
-33691 
- 350515 
-11143 


-378.87 
-790.28 
-6782.8 
-33691 

-8881.7 


-1120.9 
29534 
-41395 
-287375 
-17940 


-1077.5 
1242.5 
-9360.1 
-h1395 
-15787 


-5015.9 
-26452 
-49299 
-421010 
26880 


( -16578 
212930 
86.039 
-831. 34 
-226.63 


2577.6 
-16578 
-20.925 
-95.902 
-718.20 


-24916 
261060 
771.90 
4202.3 

-688.74 


4740.5 
-24916 
-81816 
-945.75 
~1987.0 


-33297 
501985 
1610.5 
14120 

-2270.2 


7306.5 
-77.675 
-2064.5 
-4O48.5 


~41685 
338255 
2021.0 
24900 

-6155.2 


10219 
-41685 
96.207 
~2723.8 
-6951.2 


-50059 
371015 
1657.0 
33832 

-13570 


f 72.315 
684 .00 
-19037 
-306775 
-9340.4 


811.48 
~3605.0 
-26451 
-358915 
-19798 


16.550 
-66.372 
-2511.6 
-19037 
-3373.5 


70.203 
-662.41 
-4196.7 
-26451 


1855.3 
-12554 
-33815 
-403480 
-34952 


59.048 
-1431.8 
-6158.8 
-33813 
-16513 


2475.6 
-22631 
-41102 
-442915 
-55117 


-87 426 
-1836.9 


2280.5 
-31228 
-48305 
-478350 
~80597 


| 212930 


2577.5 
-16578 
-2.8758 

56.795 
~753.25 


-24905 
260980 
217.77 

-577.42 
398.44 


-33269 
301650 
839.25 
4359.2 
1997.9 


7304.1 
-335269 
-105.27 
-1255.5 
4471.2 


~41673 
337720 
1569.8 
12788 
2629.3 


- 50097 
370530 
2117.0 
22639 

-873.65 


1.9738 

22.072 
-2146.7 
-18992 
-10126 


230.06 

489.00 
-25613 
-449395 
-96092 


~25513 


1060.9 
-3681.0 
-32164 
-497130 
-162155 


88.992 
~709.24 
-5040.1 
798 


2166.14 
-11146 
-38669 
-539240 
-247590 


3153.6 
-20146 
-45123 
-577260 
-352920 
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= 3 = 6 

| -44876 679835 -116130 1364500 -155060 
= 90° 3312.6 -68418 Qu35.1 -156700___ 13639 
37670  -507100 109015 
-2082.8 -1494.1 
-3275.6 -68309 -9371.3 
| 37049 502820 107435 
| = 75° -7135.6 -75840 -19307 
-683835 -115570 
-34750 
308300 

-10102 
| 
fio = €0° 
-50304 
5261.2 
-2118.6 
4860.2 
be = 45° -12291 
~25549 
13449 
= yO° 499.84 
-2470.38 

-10737 

-461.33 
-1529.5 

fo = 50° -8365.7 -10801 
-41102 -48305 
4739.2 10218 13443 | 

-24905 -41673 -50097 
= 90° 368 -121. 36 ~31.230 
| -991.95 -291.04 -2485.6 -3542.6 
-250.28 -2157.9 = -7338.0 -10178 
( -37.616 35.505 105.77 27.985 
} 670.00 -172.64 -1368.0 -1884 .6 
fo = 15° -18992 - 3483.6 ~6795.1 -8732.3 
| 393200 ~25615 -38669 -45123 
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aa effect of surface residual stress on the fatigue 
strength of titanium has been of interest for some time because of 
increased use of titanium by industry and has led to a project to 
investigate this relationship. This paper presents correlation of 
fatigue and surface residual stress results for 6Al 4V_ titanium 
alloy with stresses introduced into the surface by various grind- 
ing procedures and by wet blasting with 0.001-in-diam glass 
beads 


Experimental Procedure 


Test-Piece Preparation. Test pieces consisting of modified Krouse 
Plate fatigue specimens with integrally attached residual-stress 
test specimens were machined from 6Al 4V titanium-alloy sheet 
in the annealed condition, Fig. 1. All tests were made on one 
lot of titanium alloy with the following percentage composition: 
0.064 C, 0.30 Fe, 5.90 Al, 0.019 No, 3.90 V, 0.004 H., and re- 
mainder titanium. Hardness of alloy was R, 30-32. 

Both surfaces of specimens were finished by grinding, followed 
by annealing in vacuum at 1250 F for 36 hr. Test grinding was 
done on a reciprocating-table surface grinder with a variable-speed 
grinding-wheel spindle and a specially designed vacuum chuck to 
insure uniform clamping pressure on specimens. 

After test-piece preparation, residual-stress and fatigue speci- 
mens were separated. An optical interferometer was used to de- 
termine residual stresses and Krouse Plate fatigue machines 
were employed to determine endurance limits. 

Residual-Stress Tests. After separation from the fatigue-test 
specimen, one 2.60  2.60-in. face of each residual stress specimen 
was surface ground or wet glass-bead blasted according to each 
test procedure. The opposite face of each specimen was polished 
by standard metallographic techniques to specular reflectance 
sufficient to produce an interference pattern when placed in con- 
tact with an optical flat and illuminated with mercury light. 
After surface preparation, each specimen was placed in optical 
interferometer to obtain interference patterns caused by curva- 
ture of the polished face, resulting from removal of each incre- 
ment of ground or blasted test surface. Material was removed by 
etching with an aqueous solution of 30 per cent HNO; (sp gr 
1.41) and 3 per cent HF (sp gr 1.24) by volume. Etching was 
done at room temperature with the entire specimen masked off 
except the test surface. Increments removed were measured by 
determining weight loss from etching. 

Biaxial residual stresses were calculated from changes in speci- 
men longitudinal and transverse curvatures as layers of test sur- 
face were removed. For the ground specimens, longitudinal 
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The Influence of Surface Residual Stress 
on Fatigue Limit of Titanium 


Investigation of the effect of surface residual stress on the endurance limit of 6Al 4V 
titanium alloy shows that this effect is equal within experimental error to the residual 
stress divided by a constant. Results can be expressed by a simple equation. A value 
for the constant has been derived. 


direction was with the grind, and transverse direction was across 
the grind. The stress-calculation method has been used by 
Mattson [1],! Leaf [2], and Letner [3], as well as by Reed [4]. 

Fatigue-Strength Tests. Modified Krouse Plate fatigue specimens 
for each investigation were divided into groups of approximately 
10 specimens each. One group was used for par bars and the 
other groups were surface ground or wet glass-bead blasted on 
both faces according to each test procedure. The edges of test 
specimens were broken and shot peened with No. 110 cast-steel 
shot to prevent specimen breakage at the edges. 

Endurance limits, where 107 cycles was considered a run-out, 
were determined by the stairease method. Each specimen was 
run at a previously determined load increment, above or below 
the load of the preceding specimen, depending on whether that 
specimen ran out or failed. If the specimen ran out, the load was 
increased, and if it failed, the load was decreased. From these 
failures and run-outs, an average value was obtained which is 
reported as mean endurance strength. 


Results and Discussion 


To evaluate the effect of surface biaxial residual grinding 
stresses on fatigue strength of 6Al 4V titanium alloy, stresses 
were introduced by ‘low-speed,’? “normal-speed,’’ and “near- 
normal-speed’? methods. The low-speed method employed a 
table speed of 30 fpm, a monocrystalline (1 crystal per grain) 
aluminum-oxide wheel, aqueous potassium-nitrite grinding fluid, 
and wheel speed of 1800sfpm. The normal-speed method employed 
a table speed of 30 fpm, a black-silicon-carbide wheel, sulphur- 
chlorinated, fatty-type-oil grinding fluid, and a wheel speed of 
5500 sfpm. The near-normal-speed method was similar to the 
normal-speed method except for wheel speed which was 4000 sfpm. 

Maximum biaxial surface grinding stresses ranged from 62,000 
psi tension (normal-speed method—0.001-in. per pass downfeed 


1 Numbers in brackets designate References at end of paper. 
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Fig. 1 Modified Krouse fatigue specimen and residual stress specimen 
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and 0.050-in. per pass crossfeed) to 25,000 psi compression (low- 
speed method—0.001-in. per pass downfeed and 0.050-in per 
pass crossfeed ). 

To evaluate effect of a high compressive residual surface stress 
on endurance limit, 6Al 4V titanium alloy was wet blasted with 
0.001-in-diameter glass beads at 90 psi pressure, resulting in a 
surface stress of 108,000 psi compression. Jindurance limits 
under completely reversed stress varied between 36,800 and 
53,900 psi. Surface compressive stress increased endurance limit 
and tensile stress reduced endurance limit, Table 1. Residual 
stresses plotted versus fatigue results, Fig. 2, indicated that 
these properties are related by the following empirical formula: 


S 
10 


= endurance limit of stressed specimen at 10’ cycles, psi 
= endurance limit of par bar at 107 cycles, psi 
= surface residual stress, psi 


The endurance limits may appear low when compared with 
values obtained with round rotating-beam specimens, which 
give par-bar values of approximately 70,000 psi. However, the 
present results are believed associated with the size and shape of 
the fatigue specimen. Tarasov, Hyler, and Letner found similar 
results in tests conducted on hardened steel specimens [5]. 

In these tests an effort was made to minimize all variables ex- 
cept surface stress and endurance limit. 
kept in the same magnitude 


All surface finishes were 
less than 20 microin.—rms. Depth 
of residual stresses were also similar—less than 0.004 in. Fig. 3 
shows typical stress distributions. 

A previous paper by Clorite and Reed [6] presented effects 
of various grinding conditions on uniaxial residual stresses in 


titanium test bars. The uniaxial stress values correlate within 


F, = ENOURANCE LIMIT(DS!') OF STRESSED SPECIMEN 
Fp = ENDURANCE LIMIT (pS!) OF PAR BAR SPECIMEN 
S = SURFACE RESIDUAL STRESS( ps!) 


ENDURANCE [LIMIT 
(1000 psi) 4 


UNIAXIAL STRESS 


120 100 60 rr 20 O) 40 60 
COMPRESSION TENSION 
RESIDUAL STRESS (1000 psi) 


Fig. 2 Surface residual stress-endurance limit relationship for 6Al 4V 
titanium alloy 


experimental error with the biaxial stress values of the present 
paper with the exception of the low-speed test, Fig. 4. However, 
the discrepancy in the low-speed values can be explained by an 
examination of Fig. 5 taken from a supplementary test made by 
Reed. For a 1-10 concentration of KNO,-H.O, as used in this 
investigation, residual stresses can vary over a large range and 
still be near the stress-grinding fluid-concentration curve. Fig. 5 
also shows the close relationship between grinding ratios and 
residual stresses. Some grinding departments are reluctant to 
use a 1-10 concentration of KNO,.—H,O grinding fluid, as used in 
these tests, as this concentration may leave some salt deposit on 
grinding machinery and may tend to irritate operators’ hands. 
Therefore for some applications less concentrated grinding fluid 
should be used. Of interest to grinders, Viens has shown that 
while a 1-10 concentration of KNO.-H.O produces less wheel 
wear than a 1-20 concentration, stock removal is approximately 
the same. 
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Fig. 3 Residual stress in 6Al 4V titanium alloy produced by surface 
grinding and wet glass-bead blasting 
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Fig. 4 Correlation of uniaxial and biaxial stresses from two grinding 
tests on 6Al 4V titanium alloy 
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Table 1 Surface-residual-stress endurance-limit data for 6A! 4V titanium alloy with stresses induced by surface grinding and wet "glass-bead 


blasting 


Wheel speed, 
sfpm Grinding fluid 
5500 Oile 
Black SiC-I 5500 Oil 
Black SiC-I 4000 Oil 
Al.O;-K 1800 
0.001-in-diam glass-bead blast at 90 psi 
Stress-relieved par bar (1250 F-36 hr) 


@ Endurance limit at 10’ cycles. 

> Letter after dash is hardness. 

© Oil was sulfur-chlorinated, fatty type. 

4 Plus values = tension; minus values = compression, 
¢ 1-10 concentration KNO,-H20. 


Test Wheel 


Black SiC-I° 
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Downfeed, 
in/pass in. 


Depth of 
stress layer, Endurance limit* 
i psi 
36, 800 
42°, 500 
45,000 


53, 
41,500 


Surface stress, 


0.0040 
0.0034 
0.0017 
0.0015 
0.0027 

0 
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Fig. 5 Grinding ratios and residual stresses for 6Al 4V titanium alloy for 
“low-speed”’ grinding with various concentrations of grinding fluid 


Conclusions 


Based upon the tests conducted, it is concluded that endurance 
limit of residually stressed titanium differs from the endur- 
ance limit of unstressed titanium by 1/10 of the value of the 
corresponding residual stress. Compressive stress causes in- 
crease, and tensile stress causes decrease from par-bar value. 
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DISCUSSION 
L. P. Tarasov? 


The authors bave clearly shown that tensile grinding stresses of 
considerable magnitude have only a rather small adverse effect 
on the fatigue limit of a titanium alloy, just as the writer and his 
associates showed this to be true for hardened steel (Reference 
[5]). 

The principal difference between the fatigue results for ti- 
tanium and for steel is that the latter could not be represented by 
a single curve passing through both the compressive and tensile 
stress ranges, as was done in Fig. 2 for titanium. It is quite 
possible that this difference is related to a difference between the 
ways in which the residual stress curves for the two materials 
vary with depth below the surface. 

For titanium, the magnitude of the residual stress decreases 
continuously from its maximum value in the layer at the surface, 
while for steel the residual stress may start out as either com- 
pressive or tensile at the surface and then pass through a tensile 
peak just below it. When the residual stress curve is this com- 
plex, either the peak tensile stress or the surface stress may be 
more important with respect to the fatigue limit, depending on 
the magnitude involved. ; 

It turned out that the fatigue limits for steel could not be 
plotted in any significant way as a function of the residual stress 
at the surface, but only as a function of the subsurface peak ten- 
sile stress. Most of the points fell on a horizontal curve which 
curved downward a little when the tensile stress was fairly high, 
but some others, for which the surface stress was highly compres- 
sive, fell above this curve. A very similar curve can be drawn 
through the points of Fig. 2 if those corresponding to residual 
compr. ssive stress are excluded from consideration. 

Thus the effect of residual stress on the fatigue limit is the 
same for both titanium and steel when the stress is predominantly 
tensile. Likewise, compressive stress is beneficial for both metals 
from the standpoint of fatigue, even though the complexity of the 
residual stress pattern for steel makes it impossible to show this 
by means of a simple curve like that of Fig. 2. 

In order to have some idea of the accuracy with which the 
fatigue limits were determined, it would be well to state the 
load increment used in the staircase method. 


Authors’ Closure 


We wish to thank Dr. Tarasov for his remarks on the relation- 
ship of surface residual stresses to fatigue life for both titanium 
and steel. As pointed out, our titanium paper and the hardened 
steel paper (Reference [5]) by Dr. Tarasov and his associates 
have many points in common. However, the main difference 
probably is that we tried to minimize all variables except surface 
stress and endurance limit, while Dr. Tarasov and his associates 
evaluated using a complex stress pattern. We hope that this 
complex picture will be studied further. 

In regard to the question on load increments for the staircase 
fatigue tests, we used 2500 psi increments. 
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Shear-Zone Size, Compressive Stress, and 


DIMITRI KECECIOGLU 


Assistant to the Director of Mechanical 
Engineering, Industries Group, 
Allis-Chalmers Manufacturing Company, 
Milwaukee, Wis. Mem. ASME 


Shear Strain in Metal-Cutting and 
Their Effects on Mean Shear-Flow Stress 


A relationship for the calculation of the shear-zone size 1s given. The shear-zone size, 
when machining SAE 1015, 118-Bhn seamless steel tubing under a wide range of cut- 
ting conditions, 1s found to vary from 0.95 10~* in.’ to 61.5 10-* The mean 
shear-flow stress is found to increase significantly with a decrease in the shear-zone size 
and with an increase in the compressive stress in the shear zone. It is concluded that 
the only size effect in metal-cutting is the shear-zone size effect, and that no separate 
depth-of-cut size effect should be sought. An apparent decrease in the shear-flow stress 
with an increase in the true, mean shear strain in the shear zone is observed, and this 


behavior is explained. 


I. PREVIOUS papers the mode of variation and the 
effects of the mean shear-strain rate y [1]! and of the mean shear- 
zone temperature 7 [3] on the mean shear-flow stress 7 in the 
shear zone were presented. The objective of this paper is to 
present the mode of variation of the shear-zone size e, the com- 
pressive stress o, and the shear strain y in the shear zone with the 
cutting conditions and to determine their effects on the mean 
shear-flow stress—the primary physical property of the work- 
piece material involved in the metal-cutting process. This will 
complete the study of the effects of the five significant factors y, 
T,e,o,and yorr. The effects of only these five factors are con- 
sidered because the effect of another factor—namely, that of 
depth of cut [4] on 7 is accounted for by the effect of the shear- 
zone size on 7, as will be expounded later. The effect of still an- 
other factor, namely, that of preflow [5], cannot be determined 


1 Numbers in brackets designate References at end of paper. 
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here because the necessary data were not obtained; nevertheless 
this effect is considered insignificant in the experiments on which 
this paper is based. 

The results of this paper, in conjunction with those of the 
previous two papers, could open the way toward the determina- 
tion of the true combined effect of these factors on tr. The com- 
bined effect should be determined because, while one of the five 
factors is varied in metal-cutting, the remaining four factors also 
vary. The determination of the combined effect will be the sub- 
ject of a future paper. The ultimate objective of such a study 
would be the determination of the machining-force components, 
chip geometry, energy consumption, tool life, and surface finish 
of the workpiece from a knowledge of the physical properties of ~ 
the workpiece and the tool material, and of the cutting conditions 
alone—the prime goal of the metal-cutting theory. 


Method of Calculation of e, o, y, and + in Orthogonal and 
Oblique Cutting 
The size of the shear zone e is taken to be the volume of the 


shear zone; namely, the area of the shear zone at the shear plane 
times the true shear-zone thickness. This is the true specimen 


material constants 


width of cut or tube-wall 
thickness, in. 

shear-zone thickness meas- 
ured in plane perpendicular 
to cutting edge and in direc- 
tion perpendicular to shear 
plane, in. 

shear-zone thickness meas- 
ured in plane perpendicular 
to cutting edge and in direc- 
tion parallel to tool face, in. 

tube OD at room temperature, 
in. 

= shear-zone size, cu in. 

= shear force; component of re- 

sultant cutting force along 

shear zone, |b 
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component of resultant cut- 
ting force normal to shear 
zone, lb 


= inclination angle, deg 


depth of cut or feed, in. per 
revolution, ipr 


mean shear-zone temperature, 
deg F 

cutting velocity; velocity of 
tool relative to workpiece, 
fpm 

normal rake angle, deg 

true shear strain undergone 
by chip during its forma- 
tion 

true mean shear-strain rate in 
chip formation, per sec 


= shear-flow angle, deg 
= compressive stress acting in 


shear zone, psi 

mean shear-flow stress in 
shear zone, psi 

shear stress required to initi- 
ate shear flow in the shear 
zone under zero compres- 
sive stress 

shear stress required to initi- 
ate flow, according to 
Walker [1] (discussion, p. 
167) 

bulk yield stress, according to 
Shaw and Finnie [2] (p. 
120) 

effective shear angle, deg 

normal shear angle, deg 
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D, E, F 
e b 
T= 
d,, 
: 
= 
a, = 
F, 
: 
ie 
= 


size involved in metal-cutting because the volume of material 
undergoing complete deformktion in the metal-cutting process is 
the one included in the shear zone alone. Therefore it is this 
size that effects the variation of the shear-flow stress in metal- 
cutting and none other. The true thickness of the shear zone is 
the thickness measured in the direction perpendicular to the 
shear plane and in the plane perpendicular to the cutting edge, 
as shown in Fig. 1. Consequently, 


bt 


(1) 
sin ¢,, cos 


or 


bt 


e=- dey, COS (Pn Oy) (2) 
sin COs 2 


A method of determining d,,, experimentally was presented in a 
previous paper [1]. 


The compressive stress o acting on the shear zone may be 
calculated from [6], 


an . . « 
sin ¢,, COs 2 (3) 


the shear strain y from [6], 


cos + tan (¢, — a@,) (4) 
cos ns 
and the mean shear-flow stress 7 from [6], 
(5) 
¢,, COS 2 (oO 
bt 


All of these relationships apply to oblique, as well as to or- 


thogonal, cutting. However, in orthogonal cutting i = y, = 0. 


Variation of e, o, and y with w,, i,t, and V 

The data presented in the previous two papers [1, 7] were used 
to calculate e, o, y, and 7 for 130 data points obtained by dry 
end-cutting SAE 1015, 118-Bhn seamless steel tubing with all- 
The tools had 
normal rake angles that varied from — 10 to 36.5 deg and inelina- 


purpose steel-cutting grade, carbide-tipped tools. 


tion angles that varied from 0 to 35 deg. 


126, 3 


Four cutting speeds of 
32, 638, and 746 fpm and three feeds of 0.004, 0.008, and 
0.012 ipr were used in the cutting experiments. 
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WORKPECE 


Fig. 1 Metal-cutting and shear-zone geometry in orthogonal and oblique cutting 


Representative values of e, o, y, and 7 are given in Table 1, 
where values of y and 7’, presented in two previous papers [1, 3], 
are also included. All values of e are shown plotted versus 7 in 
Figs. 2(a) through 2(d), for a, of approximately “—10", °5’’, 
“20”, and “35”’ deg, respectively. All values of o are similarly 
plotted in Figs. 3(a@) through 3(d) and of y in Figs. 4(a) through 
4(d). Quotation marks are used about angle a, to indicate that 
in some cuts the exact values of a, were not the same as those 
quoted. The exact values of @, are given in Table 1 and in a 
previous paper [7]. 

The following general observations may be made from a study 
of Table 1 and of Figs. 2(a) through 2(d), on the variation of e 
with q,, 7, ¢, and V: 


1 e decreases up to 10 * 10°6 cu in. for a 5-deg increase in 


2 edecreases up to 2.5 & 10° cu in, for a 5-deg increase in 7. 
3 e increases up to 16 & 1076 cu in. for a 0.004-ipr increase 


e decreases up to 19 X 10°¢ cu in. for a 100-fpm increase in 


5 A 100-fpm increase in V produces the largest decrease in e, 
a 0.004-ipr decrease in ¢ produces a smaller decrease, a 5-deg in- 
crease in @, produces an even smaller decrease, and a 5-deg 
increase in 7 produces the smallest decrease -in e. 

6 The minimum value of e encountered in these experiments 
was 0.95 * 10° cu in., and was obtained when a, = 33.5 deg, 7 
= 24 deg, t = 0.004 ipr, and V = 746 fpm. 

7 The maximum value of e was 61.5 &* 10°6 cu in. and was 
obtained when a, = 5.5 deg, 7 = 10 deg, ¢ = ‘0.012 ipr, and V = 
126 fpm. 


The following general observations may be made from a study 
of Table 1 and of Figs. 3(a) through 3(d), on the variation of ¢ 
with a,, 1, t, and V: 


1 a decreases up to about 7000 psi for a 5-deg increase in a,, 
2. o does not vary very consistently with 7; however, in gen- 
eral o decreases as 7 increases, 

3. o decreases up to about 22,000 psi for a 0.004-ipr increase 
in 

! o increases up to about 6000 psi for a 100-fpm increase in V. 

5 An increase in t of 0.004 ipr produces the largest decrease in 
o, a 5-deg decrease in @, produces a smaller decrease, a 100-fpm 
decrease in V produces an even smaller decrease, and a 5-deg 
increase in ¢ produces the smallest decrease in o. 


di= denCOS($n - An) 
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(a) an = —10 deg; (b) a, = 5 deg; (c) an = 20 deg; (d) an = 35 
deg; (e) Superposition of (a), (b), (c), and (d); (f) Same as (e) with mean 
curve drawn in. 
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FIGURES 2 [a,b,c,andd] SUPERPOSED 
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6 The minimum value of o encountered in these cutting ex- 
periments was 51,100 psi and was obtained when a, = 19 deg, 
i = 21 deg, t = 0.008 ipr, and V = 126 fpm. 

7 The maximum value of o was 120,300 psi and was obtained 
when a, = —10 deg, 7 = 0 deg, t = 0.004 ipr, and V = 638 fpm. 


The following general observations may be made from a study 
of Table 1 and of Figs. 4(a) through 4(d), on the variation of y 
with 7, t, and V: 


1 y¥ decreases up to about 0.6 for a 5-deg increase in a,. 
¥ does not vary significantly with 7. 
¥ decreases up to about 0.8 for a 0.004-ipr increase in t¢. 
7 decreases up to about 0.45 for a 100-fpm increase in V. 
An increase of 0.004 ipr in t produces the largest decrease in 
‘y, an increase of 5 deg in @, produces a smaller decrease, an in- 
crease of 100 fpm in V produces the next smaller decrease in ¥, 
and 7 does not affect y significantly. 

6 The minimum value of y encountered in these cutting ex- 
periments was 1.74 and was obtained when a, = 36 deg, 7 = 10 
deg, t = 0.012 ipr, and V = 746 fpm. 

7 The maximum value of y was 6.53 and was obtained when 
a, = 10 deg, i = 30.5 deg, ¢ = 0.008 ipr, and V = 126 fpm. 


Effects of Shear-Zone Size on Shear-Flow Stress 


Any effects of e on T may be established by a study of the re- 
sults given in Table 1 and in Figs. 2(a) through 2(f). The follow- 
ing facts are revealed by this study: 


1 Figs. 2(a, b, c, and d) indicate a general decrease in 7 with 
an increase in e. Fig. 2(e), which is a superposition of Figs. 2(a, 
b, c, and d), shows that this general trend is strongly prevalent. 

2 In Fig. 2(f) a ‘‘mean” curve has been drawn through the 
arithmetic mean of groups of data points. This curve shows that 
the magnitude of r does not vary significantly, as e decreases from 
70 X 10-* cu in. to 25 X 10-* cu in. However, with a further 
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Fig. 3 Mean shear-flow stress—mean compressive-stress relationship 
at various speeds, inclination angles, and feeds 
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deg; (e) Superposition of (a), (b), (c), and (d); (f) Same as (e) with mean 
curve drawn in. 
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FIGURES 3 (a,b,c,n4 d] SUPERPOSED 
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decrease in e, 7 starts increasing significantly and the increase be- 
comes quite sharp as e decreases below 10 & 10~¢ cu in. 

3 The results of Fig. 2(f) strongly support the predictions of 
Shaw, Smith, and Cook [8], Backer, Marshall, and Shaw [9] and 
Walker [1], discussion. Shaw, Smith, and Cook [8] predicted a 
size effect associated with the thickness of the shear plane. This 
effect, they asserted, is different from the size effect associated 
with the depth of cut [9] because the shear-zone size effect was 
observed at constant depth of cut, but with a varying tool- 
inclination angle. They also observed that the shear-flow stress 
increased as ¢, increased because the shear-zone volume tended 
to decrease. Movies of the cutting process taken by Shaw [5] 
indicated that, as the inclination angle increased, the shear-flow 
stress increased also, and this was attributed to the decrease in 
the shear-zone thickness in spite of the fact that the true strain 
decreased. 


Shaw and Finnie [2] gave the following relationship: 
+(A/t) + B, (6) 


which expresses the effect of (and y ont. Here 79" is the bulk 
yield stress. It has been found, however, that the size effect due 
to depth-of-cut is significant only at ¢ smaller than 0.004 ipr [10] 
(Fig. 9), [11] (Fig. 9). Consequently, at the depths-of-cut used 
in the experiments of this paper, any size effect would be that due 
to the shear-zone size alone, even if the hypothesis that a depth- 
of-cut size effect exists is accepted 

Walker [1] (discussion) gave the following relationship: 


T = T) + (C/e) + Dy (7) 


between the shear-flow stress 7, the shear stress required to initi- 
ate shear flow, 70’, and contributions of strain hardening, D,, and 
shear-zone size effect, C/e. Walker considers the shear-zone size 
effect as being due to the increase in the strain-hardening effect 
owing to a volumetric limitation of the number of deformation 
systems available in the shear zone for plastic flow as the shear- 
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zone size decreases. Walker plotted the area of the shear zone 
(the shear-zone thickness times the length) versus the quantity 
(r — Dy), for the orthogonal-cutting data of one of the author’s 
previous papers [1] (Fig. 12) and found a trend similar to that 
indicated in Fig. 2(f). The results of Figs. 2(f) provide a positive 
experimental verification of the predicted existence of a significant 
shear-zone size effect on 7, in oblique as well as in orthogonal 
cutting. 

4 Based on the foregoing, it can be stated with assurance that 
in metal-cutting 7 increases as e decreases. The average increase 
is 14,000 psi, or 20 per cent, for a decrease in e of 25 X 10-6 cu in. 
This effect is significant and should be included among the total- 
ity of factors affecting 7 significantly. 

5 If a size effect should be considered in metal-cutting, the 
specimen size involved should be only that portion of the work- 
piece material which undergoes complete deformation and shear 
flow during the cutting process. As only the shear zone con- 
stitutes that portion, the size of the shear zone as defined in Fig. 1, 
should be the specimen size which can affect r. There cannot, 
therefore, be a separate depth-of-cut size effect, because the shear- 
zone size (though affected by the depth of cut) is the only speci- 
men size involved in metal-cutting. 

6 The variation of 7 with e, t, o, and y can be expressed by 


E 
rant(2)4 (8) 


if the reasoning of Shaw and Finnie [2] (p.:120, Fig. 16) in Equa- 
tion (6), and of Walker [1] (discussion, p. 167, Fig. 19) in Equa- 
tion (7) is accepted, and the facts in the previous item are con- 
sidered. Equation (8) is an improvement on Equations (6) and 
(7), because it expresses the combined effects on 7 of e, a, y, and 
also of ¢ as it affects e. However, Equation (8) would be correct 
only if e, o, and 7 were true independent variables and the only 
factors affecting r. This is not so, because 7 [1] and 7’ [2] also 
affect 7; and furthermore e, o, , 7, and 7 are not true independ- 
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Table 1 Representative values of mean shear-strain rate, shear-zone temperature, shear-zone size, 
compressive stress, shear strain, and shear-flow stress in orthogonal and oblique cutting 


Workpiece material: SAE 1015, 118-Bhn seamless-steel tubing, D, = 3.257 in., b= 0.169 in. Tool 
material: All-purpose steel-cutting grade carbide. Cutting condition: Dry, end-cutting. 


Item Run %n 4 t Vsper sec 
No. No. deg deg ipr fpm x 107 deg F x 107° x 107 Rg 
1 168 -10 ) 0.004 638 8.8 750 4.5 120.3 4.7 76.3 
2 169 -10 fe) 0.004 746 11.8 780 3.9 26.2 4:5 ‘76.2 
3 177-10 ) 0.012 638 2.6 820 53.1 76.2 4.7 69.8 
4 176 -10 0.012 746 750 6.3 4.2 70.8 
5 161 -10 10 0.008 638 5.8 720 1251 105; 4.1 69:8 
6 160 -10 10 0.008 746 8.0 730 9:3. 163.2 a.9' Teed 
7 146 -10 20 0.004 638 9.0 770 4.9 106.3 5.1 71.9 
8 153 -10 20 0.012 638 3.5 720 30.2 Stee 4.9 766 
9 135 -10 30.5 0.004 746 15.5 750 
10 139 -10 30.5 0.008 126 0.8 730 28.5 76.3 6:5 63.8 
1l 242 30.5 0.012 332 1.5 840 46.5 83:0 . §:2 (66.5 
12 140 -10 30.5 0.012 746 5.2 770 21.9 3.6 72:3 
13 2 4 @) 0.004 638 9.5 690 359 3100.0 433 7028 
14 2 4 0.004 746 12.8 670 93.2 4.3 “69.8 
182 5.5 10 0.004 332 5.0 740 4.3 7756 “4:9. 70.6 
16 181 5.5 10 0.004 638 12.3 730 2.8 95.6 4.0 75.8 
17 180 5.5 10 0.004 746 16.6 670 2.3 105.4" §3:7 77.6 
18 191 5.5 10 0.012 126 0.4 750 61.5 70.4 4.9 75,1 
19 189 5.5 10 0.012 638 2.8 670 28.8 1635 322 “7353 
20 11 4.5 21 0.008 332 2.4 630 7.7 “425 ‘61.7 
21 12 0.008 746 7.8 620 8.3 3.2 72.3 
22 72 4.5 30 0.008 638 8.0 620 7.9 
23 117 2.5 30 0.012 126 0.6 680 46.6 Sy.0 - 5.5 665.3 
24 27 19.5 1 0.004 32 3.9 640 4.6 74.9 4.1 78.0 
25 25. 19:5: 3 0.004 746 14.4 560 2.1 100.7 2.9  T7s6 
26 1144. «19.5 1 0.012 332 590 31.1 718.3. 
27 116 1 0.012 746 3.9 520 17.4 
28 74 21 10 0.004 332 5.6 580 2.9 83:1 3,0 (71.0 
29 qo. ‘22 10 0.004 746 19.8 630 1.4 205.3 2.8 61.8 
30 Gi “2 10 0.012 126 0.5 570 46.2 54.5 4.0 68.1 
31 842 10 0.012 746 4.1 560 15.2 
32 31 19 21 0.004 332 4.9 550 32 75.4 3.5 71.5 
33 29 «#19 21 0.004 638 12.2 590 | 2.9 “79.6 
34 59 «33 0.004 746 17.6 470 9753: 
35 67 36.5 0 0.008 746 9.4 440 3.8 Ts AS 
36 86 36 ) 0.004 638 15.0 440 1.4 78.5 2.1 
37 90 36 10 0.008 332 2.9 410 6.0 82.6 1.9 
3 9 36 10 0.012 126 0.5 450 2.3 53.4 2.3 
3 94 36 10 0.012 638 3.4 420 1.3 62.3 9227 
40 102 0.012 332 2.2 550 
41 193: 33.5 28 0.012 638 4.7 530 11.8 73.0 2A 
42 13 055° 35 0.008 332 3.6 570 124. 71.5 3.2 
43 14 30.5 35 0.008 746 12.7 460 2.8 80.3 1.8 


ent variables. There exists a complex interaction among these 
five variables and, whenever one variable is changed, the other 
four also change to a smaller or larger extent. This implies that 
a linear combination of these factors, such as is represented by 


‘Equation (8), cannot provide an exact functional relationship 


between these five factors on the one hand and 7 on the other. 
Consequently, Equation (8) can only be a first approximation. 


Effects of Compressive Stress on Shear-Flow Stress 

Any effects of o or 7 may be established by a study of the re- 
sults given in Table 1 and Figs. 3(a through f). The following 
facts are revealed by this study: 


1 Figs. 3(a, b, c, and d) indicate a consistent increase in 7 
with an increase in o. Fig. 3(e) which is a superposition of Figs. 
3(a, b, c, and d) shows that this trend is prevalent over a wide 
range. 

2 In Fig. 3(f) a mean curve has been drawn through the 
arithmetic mean of groups of data. This curve shows that 7 in- 
creases from a mean of about 67,000 psi at ¢ = 50,000 psi to 76,- 
000 psi at o@ = 120,000 psi, or an increase of about 1300 in 7 for 
every 10,000-psi increase in o. 

3 There have been two schools of thought in metal-cutting 
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concerning the effect-of o on 7: One is that of Merchant [12], 
Ernst [13], Krabacher and Merchant [10] (discussion), and others, 
and the other is that of Chao, Trigger, and Zylstra [10], Shaw and 
Finnie [11], and others. The first school of thought contends that 
there is found a definite increase in 7 with an increase in o@ [10] 
(p. 1049), whereas the second school believes that the o at the 
shear plane has a negligible effect on the dynamic flow stress of 
the metal being cut [10] (p. 1042) or is of secondary significance 
{10] (p. 1048). The author’s results, presented in Figs. 3(a 
through f) and which cover a wide range of orthogonal and 
oblique cutting data, support the findings of the former schoo! of 
thought. 

4 It may be concluded that, in general, under the metal- 
cutting conditions of high shear strain (greater than 1) and high 
compressive stress (greater than 40,000 psi) 7 increases sig- 
nificantly as o increases. However, in some metals a substantial 
increase in o may produce only a negligible increase in r. 


Effects of Shear Strain on Shear-Flow Stress 


A study of the results given in Table 1 and in Figs. 4 
(a through f) reveals the following facts on the effects of y on T: 


1 Figs. 4 (a, b, c, and d) show a grouping of data points with 
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a nonobvious trend. However, Fig. 4(¢), which is a superposition 
of Figs. 4 (a, b, c, and d) does indicate a general decrease in T with 
an increase in Y. 

2 In Fig. 4(f) a mean curve has been drawn through the 
arithmetic mean of groups of data points. This curve shows that 
T decreases from a mean of about 76,000 psi at a y of 1.5 to about 
65,000 psi at a y of 6.5, or a decrease of about 2200 psi in 7 for 
every increase in ¥ of 1. 

3. The decrease in 7 with an increase in y does seem paradoxi- 
cal in view of the commonly observed trend which is the opposite 
of that indicated in Fig. 4(f); namely, an increase in 7 with 
an increase in Y because of strain-hardening. Chao and Bis- 
acre [14] (Fig. 11) postulated that in metal-cutting, owing to 
high strain rate, instability, and discontinuous shearing, the stress- 
strain curve of the material may assume a form similar to that 
indicated in Fig. 4(f). Shaw [4] (pp. 13-90) showed that a be- 
havior like that of Fig. 4(f) may be attributed to the shear-zone 
size effect whereby a small y in metal-cutting is accompanied 
with a small shear-zone size and this gives rise toa high 7. That 
a small y is accompanied with a small e can be verified by a study 
of Table 1. However, 7 is influenced not only by e alone, but by 
Y, ¥, ¢,and 7 also. If the effects of y and e alone are consid- 
ered to be significant, then 7 decreases as y increases because the 
expected increase in 7 with an increase in ¥ is more than compen- 
sated by the decrease in 7 with the accompanying increase in e. 

4 The paradox of the decrease in 7 with an increase in ¥Y 
could best be explained by considering the totality of the effects of 
¥, Y, 7, T, and e on 7, now that their individual effects have been 
presented in [1] [8], and the present paper. To illustrate let us 
consider item 10 in Table 1 where y = 8000 per sec, 7’ = 730 F, 
e = 28.5 X 10-* cuin., ¢ = 76,300 psi, y = 6.5, and rt = 63,800 
psi. According to the previous findings, the relatively low vy, 
high 7’, large e, and low o should combine to give a low rT. 
The relatively high y is conventionally expected to give a high 
Tt. However, the combined effect of the former four factors in 
lowering T is apparently much greater than the lone effect of y 
in increasing T; hence the decrease in 7 with an increase in ¥. 

To illustrate the point further, let us take item 43 in Table 1 
where Y = 127,000 per sec, 7’ = 460 F, e = 2.8 K 10-*cuin., ¢ = 
80,300 psi, y = 1.8, and rT = 83,600 psi. The relatively high y, 
low 7, small e, and high o should combine to give a high tr. The 
relatively low y should give a low 7. However, the combined 
effect of the former four factors in increasing 7 is apparently 
much greater than the lone effect of y in lowering 7; hence the in- 
crease in T with a decrease in ¥. 

5 It may be concluded that, in general and under the metal- 
cutting conditions experimented with here, 7 decreases as Y in- 
creases but not because of a peculiar stress-strain relationship such 
as that postulated by Chao and Bisacre [14] (Fig. 11) or solely 
because of a larger e accompanied with the higher y as suggested 
by Shaw [4] (Fig. 63), but because of the net combined, yet con- 
ventional, effects on 7 of all of the significant factors affecting 7 
in metal-cutting, namely y, 7, e, 7, and 7’. 


Summary and Conclusion 


The shear-zone size is defined and an expression is given for 
calculating it in orthogonal and oblique cutting. Orthogonal and 
oblique-cutting data are used to calculate the shear-zone size, 
the compressive stress in the shear zone, and the true shear strain 
undergone by the shear zone. The shear-zone size is found to 
vary from 0.95 X 10-6 cu in. to 61.5 X 107* cu in., the compres- 
sive stress from 51,500 to 120,300 psi, and the true shear strain 
from 1.74 to 6.53 while the shear-flow stress varies from 61,700 to 
83,600 psi. 

The shear-zone size is generally found to decrease as @,,, 7, and V 
increase and as ¢ decreases. The compressive stress {s generally 
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found to decrease as @,, 7, and ¢ increase and as V decreases. The 
shear strain is generally found to decrease as a@,, t, and V increase, 
and not to vary significantly with 7. 

The mean shear-flow stress is found to increase significantly as 
the shear-zone size decreases, the increase being 14,000 psi or 20 
per cent, when e decreases from 25 K 107* cuin. to 0.95 & 1076 
cu in. or for a 96 per cent decrease in e. The effect of e on 7 is 
found to be negligible for e larger than 25 & 107% cu in. It is 
concluded that there is no separate depth-of-cut size effect on + 
in addition to the shear-zone size effect, because the specimen 
undergoing complete deformation and shear flow in metal-cutting 
is contained in the shear zone alone, particularly when preflow 
is not present or is negligible. Consequently, the only size effect 
that should be considered as affecting 7 is that due to the shear- 
zone size alone. Equation (8) is proposed which is a first ap- 
proximation of the combined effects of e, o, and y on T. 

It is found that 7 increases by about 1300 psi for a 10,000-psi 
increase in the compressive stress acting on the shear zone. 
It is concluded that this increase in 7, produced in the workpiece 
material and at the cutting conditions under consideration, is 
significant although in other metals an increase in o may produce 
only a negligible increase in Tr. 

It is found that there is an apparent decrease in 7 of about 
2200 psi for an increase in y of 1. However, this decrease is 
paradoxical and misleading because it is not real. It is the result 
of the conventionally expected increase in 7 due to an increase in 
y being more than compensated for by the decrease in 7 due to the 
combined effects of y, o, e, and 7’. The combined effects are 
often due to a decrease in y and o, and an increase in e and T 
when increases. 

One should not lose sight of the fact that all or most of the fac- 
tors affecting rT, namely y, Y, e, ¢, and 7’, vary when any single 
one of them is varied in metal-cutting. Consequently, in Figs. 
2, 3, and 4, the simultaneous effects of y, y, ¢, J, and e on 7 are 
superposed. This is believed to be one of the major reasons for 
the wide scatter in the data points about the mean, 

To obtain the true variation of 7 in metal-cutting, the net com- 
bined effect of y, y, e, ¢, and 7’ on 7 should be sought. However, 
their combined effect cannot be expressed in a relationship which 
is the linear combination of each factor because of the presence 
of major or minor interactions among all of these factors. 

An attempt will be made in a future paper to arrive at a true 
combined functional relationship among y, y, and T. 
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equipment or test specimens must be glossy prints and should be used sparingly. 
Captions for figures should be typed double-spaced and included as the last page 
of the manuscript. The figure number and author’s name should be written in 
the margin or on the back of each illustration. 

e Titles of papers should be brief. 


e Authors can obtain copies of the ASME Manual MS-4, “An ASME Paper,” 
from the Editor and are urged to do so before drafting their papers in final form. 


e Papers published in Journals of the Transactions of the ASME must be pre- 
sented at a Meeting, either in person or by title. Scheduling of papers is in the 
hands of the Publications Committee. 


e An author is entitled to 25 preprints free of charge (in the case of two authors, 
15 each; three or more authors, 10 each). Larger quantities of preprints or 
reprints can be ordered from Editorial Department, The American Society of 


Mechanical Engineers, 29 West 39th Street, New York 18, N. Y. Quotations 
will be sent on request. 
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Here are the AMERICAN STANDARDS to consult — 
for approved dimensions, permissible tolerances, and other specifications 


covering SMALL TOOLS AND MACHINE TOOL ELEMENTS 


ACCURACY OF ENGINE AND TOOL ss 
LATHES, B5.16—1952. $1. 


MACHINE MOUNTING SPECIFICATIONS FOR T-SLOTS, THEIR wa HE NUTS, TONGUES, AND 
ABRASIVE DISCS AND PLATE MOU ge CUTTERS, B5.1—19 $1.50 


Gives the tolerances to which industry is ee ing WHEELS, B.35—1957. Tables show dimensions he T-slot. their tonques and 
19 in. to 18 in., 20 to 3Q ir ane 40 in. to 72 ir Establishes standards for location and size of bolt cutters; and for inserted and reversible tonques and 
lathes and the tests for de nq the accuracy of holes in steel disc wheels (machine face plates) and tonque seats. Tolerances are specified 

the lathes 


the mounting side of se ive discs and olate mounted 
wheels wenty-seven illustrations supplement the 
LIFE TESTS OF SINGLE-POINT TOOLS, 85.19— 
CHUCKS AND CHUCK JAWS, B5.8—1954. $1.50 a (Reaffirmed 1953) $1 
Establishes controlling dimensions for all chucks from MOUNTING DIMENSIONS OF LUBRICATING hows how to eveluate performance of 
6-in. to 36-in diameter of both medium and heavy ND COOLANT MPS 
duty types, for an extra heavy series of chucks wi ith TOOLS. B5. 981958. 
Serrated ‘master jaws for ty Aptis dak d and hand Tables give specific mounting dimensions for motor- LIFE TESTS FOR SINGLE- dove TOOLS OF ~ 
perated chucks of twe three oak ur-jaw types driver centrifugal pumps centrifugal and ceaea TERED CARBIDE, B5.34—19 $1. 


pumps, centrifugal pumps (flange mounte ed type) gear 


single-point 


FOR MACHINE tools made of material other than sintered carbides 
$1.00 


: b This test procedure for tool fife covers 
CIRCULAR AND DOVETAILED FORMING and vane pumps, and for mounting bracke size ol, to be 
=, BLANKS, B5.7—1954. e ape and size cut, the cutting Hur and 


In this standard are the sizes 
anal the 


PUNCH AND DIE SETS FOR POST PUNCH relationship betwee 
TOO! Danks PRESS TOOLS, B5.25—19 $1 


»0l weer and cutting time 


eit These dimensions for back-post and diagonal-post 

ve holders for use on 60 types of automatic screw post 4 4 pos TWIST DRILLS, B5.12—1958. $2.00 

machines, the latter being classified in the standard sets Cover die area, the die holder and punch holder Included in this standard are nomenciature, definitions 

t x diHerent grour f comparat capac thickness, shank diameter and lengths, gu dep sts and sizes and tolerances of two Alute straight and tapered 

Tolerances and screw threads are specihed shank twist drills, combined drills and counters nks 

4 Typical blanks and h Id rs are illustrated selected sizes of millimeter drills, screw machine 

. ee "oa CYLINDERS AND ee length drills, jobbers length and taper lenath drills 

" ; B5.5—1959. $1. Drill sizes and their decimal equivalents are alse 

4 1959 $1.50 cylinders; t 100 ib. squar« 
This standard aives taper dimer r general speci- ch a ess of fo sizes oO 

fications, end the dimensions for 151 sizes cdrill DESIGNATION AND WORKING RANGES OF 


taper 


GRINDING MACHINES, B5.32 and Te 


Eg he Data and information supplied by this standard apply 
rev to all sizes of reciprocating table surface grinders 
DRIVING AND SPINDLE ENDS FOR PORTABLE having horizontal spindles end to. all swings 
AIR AND ELECTRIC TOOLS, B5.38—1958. 
1.50 


lindrical arinding machines up to and including 
4 in. size 


These dimensions and tolerances are for both driving 
ven elements of portable powered tools of B5.3 


Al sizes, styles, designations, dimensions and MACHINE TAPERS, B5.10—1953. $1.50 
readed spindles for geare a chucks and abrasior C of sintered carbide blanks Presents basic dimensions for 22 sizes of self-holding 
s, Jacobs tapers and hexagonal and square drive or rectangular shanks; tape ers; detailed dimensions and tolerances for self- 
and inserts 1! »” long and holding taper shanks and sockets, for the plug and 
. heir hol ring gages applying t this serie f tapers; and the 
“ite INSERTED BLADE MILLING CUTTER —. dimensions for 12 sizes of steep machine tapers 
Pat BS. 23—1958. HIGH SPEED STEEL AND CAST NONFERROUS 
4) In this standard are the dimensions and dimens oe SINGLE POINT TOOLS AND TOOL HOLDERS, MACHINE PINS, B5.20—1958. $1.50 
tolerances of cutter bodies for shell end mills, half B5.29—1959 $1.00 ave 
1 de mills, staggered-tooth side mills, face mills—fAlat The tools for which sizes and tolerances are aiven ir 4 : 
HH ack r and m eries SO in a diametrical this standard are those in common usage for general 
i\ ranae of 3 to 94 ir purpose machine Additionally the standard gives pe 
Mais the nominal shank sizes of too! bit holders chart for the size « 
1 ymbol for each of the most essential characteristics of 3 
- a arinding wheel and arranges them in uniform se 
REAMERS, B5.14—1959. 
NOSES FOR TOOL ROOM LATHES, iclerances land pit dimens 
2 NGINE LATHES, TURRET LATHES, AND thirty-seven types of reamer New addit ) 
S INVOLUTE SERRATIONS, B5.26—1950. $2.00 AUTOMATIC LATHES, B5.9—1954. $2.50. his document are the dimensions for an extended 
tf In this standard are the toot Presents dimensions of each size and type of nose series of high speed steel straight shank reamers and 
dimensions from which the f chucks, face plates and fixtures, and the revised nomenclatur 
slculat of gages for checking their importent dimensions 
TAPS—CUT AND GROUND THREADS, 
‘ rmulas calculating space width and toot 1959. ‘ 
sre nera mensi Ses presents complete specihcations of the standar aps, 
INVOLUTE SPLINE AND SERRATION GAGES son the e ncluding new styles such as oversize machine screw 
AND GAGING, B5.31—1953 $1. ate taps helica flute taps and spiral point taps with sh rt 
ew a tac ex 1of adapte aqju aD flutes lt also ists the tap recommendati« ns f r all 
% ich ee igi and their c cafes Big! sdapter set screw and friction lock nuts, and spindle classes of Unified and American screw threads 
es ectior s n method machini navole ler noses. Tolerances, finish and marking are specified 
= SPINDLE NOSES AND ARBORS FOR MILLING BINDERS 
MACHINES, B5.18—19 St: 
Contain dimensions for and adapter, A specially designed binder for holding 
sketches of selective types of drive key construction. size and provided with flexible steel rods 
ns Pres “Fit Wearing, Kenewabdie- can be slipped out of or under the top and 
i" earing and Liner Bushing bottc I lips. It aives every edvantage of 
Pr) SCREW MACHINES, B5.21—1949. $1.00 ience which comes from the ability to instantly 
s KNURLING, B5.30—1958. $1.50 Gives dimensions for the height, lenath, and thick- insert, remove or transpose sections of the con- 
m This standard specifies dimer nal relations ness of the approved four types of blades, and in- tents Price, $3.25 
ty e knurlina tool and stock and aives cludes sketches to show the optional shapes for cut- 
of blade stock 
7: 20% Discount to ASME Members 
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